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Annomayun. J{ns pemieHus 3a7adyd O MaJOLUMKIOBOM HAarpy»Ke€HUU IUIOCKOro oOpasia
OBLITM TPUMEHEHBI Pa3IMYHBIE METOBI AHAJIN3a, OCHOBAHHBIC HA MATEMATHICCKUX MOCIISIX
[1, 3]. B yacTHOCTH, HWCHOJB30BANKCH BBIPAKEHUS MJI1 HAXOXKJCHHS 3HAUYCHUU e, g
(uaBapuanTsl) u E;, E, (r/1aBHble 3HAaY€HUS) TEH30pa KOHEUHBIX fedopmaruii ATbMaHCcH
[4], koTOpBIE AIOT BO3MOYKHOCTD ONPEACTUTh H3MCHEHHUS IBH)KCHHUS YaCTUI] MaTepHalia BO
BpeMs PACTSKEHUU U TOCTEAYyIoleM ckatuu oOpasia. Kpome Toro, ObLTM MPUMEHEHBI
bopMyJIBI I ONpeNeSieHus W3MEHCHHUS IMUPUHBI, TOJIIIMHBI W IMapaMeTpoB obOpasma B
YCIIOBHSIX TUIOCKOW Je(opManuyd M IJIOCKOTO HAMPSIKEHHOTO COCTOSHUS. JTH METO/IBI

aHaJu3a II03BOJIAIOT OoJiee TOYHO OLCHUTH IIOBCACHHUC MaTCpuaia IIpU Pa3JINIHbIX
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YCIOBUSIX Harpy>KeHHs u nedopmarym.
OnHako, HEOOXOIMMO YUUTHIBATh BO3MOYKHBIE HETOYHOCTH U OIIMOKHY TIPH UCTI0JIb30BAHUH
MareMaTH4eckux wmojenei. IloaTomy mpoBepka pe3yibTaTOB Ha IPAKTHKE SBISECTCS
Ba)KHBIM 3TAIOM B 00JIaCTH MOXKapHOH 0€30macHOCTU. TONBKO MPaKTHYECKOe TPUMECHEHHUE
METOJIOB aHajdu3a MOXET MOATBEPAUTh MPABUIBHOCTH PACUETOB W JaTh IOJHOE
MPECTaBIICHNUE O TOBEJICHUH MaTepralia B Pa3JIMUHbIX YCIOBUAX. BaXkHO Takke yUUTHIBATh
0COOCHHOCTH KOHKPETHOI'O0 MaTepuaia U 00pasiia, a TakKe YCIOBHUS SKCILTyaTalluu, YTOObI
MOJYyYnUTh Haumboyiee TOYHBIC pe3yabTaThl. [lodydeHBl 3aBHCUMOCTH, OIHMCHIBAIOIINE
JBWOKEHUSI YaCTUI] MaTepuana IMpU PACTSKECHUH W TOCICAYIOIIEM CXATUM IIJIOCKOTO
obOpasia, Ha OCHOBAaHMH KOTOPBIX B Ka4eCTBE MapameTpa OIEHKH M3MEHEHHUS CTPYKTYPhI
Marepualia npejjaraeTcsi UCroiab30BaTh 00bEMHYIO IIIOTHOCTh AUCCUTIAIIMKA SHEPTHUU.
Knrwuesvie cnosa: xeCTKOIIACTUYECKOE TEJIO, TJIOCKUM o0Opasel], miockas nedopmarius,
MJIOCKOE HAMpsHKEHHOE COCTOSIHUE, CHKMMAaeMOCTh MaTepuaia, HEeNpepbIBHOE TMOJie
CKOpOCTEH MepeMeIIeHUH, TEH30P KOHSUHBIX JepopManuii ATbMaHCH
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Abstract. Low cycle loading of a flat specimen with a continuous displacement velocity
field, taking into account the material compressibility condition. Subject of study -
Determination of crack initiation moment conditions under low-cycle loading of a flat
specimen with a continuous displacement velocity field under flat deformation and flat
stressed state with consideration of material compressibility. The purpose of this work is to
investigate the processes of tension, compression and sequential tension-compression of a
flat sample with a continuous field of displacement velocities under flat deformation and a
flat stress state, taking into account the compressibility of the material at small deformations.
The compressibility of the material associated with the law of conservation of mass,
formulated in the form of the continuity equation, leads to a change in density in the process
of loading, in accordance with which the logarithm of the material derivative of density over

time is added to the system of equations determining the field of displacement velocities.
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The following methods were used in the study: analytical method for determining velocity
and strain fields, propagating wave method for solving homogeneous differential equations.
The following results were obtained in the course of the study:

— relations for determination of plastic deformations in problems of uniaxial
deformation of a flat specimen with a continuous displacement velocity field taking into
account compressibility of the material under flat deformation conditions;

— relations for determination of plastic strains in problems of uniaxial deformation of a
plane specimen with a continuous velocity field of displacements, taking into account
compressibility of the material in a plane stress state.

The results of the study can be applied in the development of mathematical models of
behavior of elements of real structures in the problems of modern mechanical engineering
and construction, as well as in evaluating their strength.

Keywords: rigid plastic body, flat sample, flat deformation, flat stress state, compressibility

condition, continuous displacement velocity field, finite-strain Almansi tensor
For citation: Kanashin I.V., Grigorieva A.L., Khromov A.l., Grigoriev Y.Y. Low cycle

loading of a flat sample with a continuous displacement velocity field considering material

compressibility condition. Trudy MAI, 2023, no. 130. DOI: 10.34759/trd-2023-130-10

IlocTaHoBKa 3a1a4u
[Iporiecc MaJIOIUKIIOBOTO HArpy>KeHUs 00pa3iia (C HadaaIbHBIMU ITapaMeTpaMu JJTMHA
U mmpuHa Ly, a,.), IMEIOIIETO TUIOCKYIO (hOpMYy, MOKHO pa3IeiuTh Ha JBa dtamna. [lepBoiid
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sTanm OyJIeT COOTBETCTBOBATh HEIMPEPHIBHOMY TIOJNIO CKOPOCTEH TMepeMelieHuit 0
3apoKJIeHUsI B MaTepuasie oOpaslia MakpoTpemuHbl. K KOHIly mepBoro srama oOpasel
UMEeT MPOMEXKYTOYHBIC mMmapaMeTpsl [, a,. BTopoit stam peammsyercs pemieHue ¢
Pa3pbIBHBIM MOJIEM CKOPOCTEW MEPEMEIICHUN, NPU KOTOPOM IPOUCXOJIUT Pa3BUTHE
TpeuHbl. BTOpo# 3Tam 3akaHuMBaeTcs pa3pbiBoM oOpasia [5-6]. K atomy MoMmeHTy oH
UMeeT KOHEUHBIC MapaMeTpsl L, a,.
AJITOPUTM pelleHus 3a1a4u

PaccMmoTpum mepBsiif dTan aedhopMUpoBaHMs TUIOCKOTO 00pasiia, KOTOphIM OyaeT
Ha4yaJioM MAaJIOIMKIIOBOTO HArpy»eHUs B YCJIOBHSX IUIOCKOW JeopManuu U TIIOCKOTO
HanpspKEHHOTO  cocTosiHUS. OCOOCHHOCTBIO JAHHOTO MCCIIEAOBaHUsS SIBISETCS TO, UYTO

MaTepHa MPU MaJIbIX AehopMaIusax OyIeM CUUTaTh CKUMaeMbIM [7].

AX, AX,
vV V
A A
/ h
\ o 4 -
< > xI < > xl
a a
vV | l vV
a) 0)

Pucynok 1 — PacTsbkenue u coxkaTue MoJioCkl C HEMPEPHIBHBIM MOJIEM CKOPOCTEN

NepeMENIeHUI B YCIOBUSX IUIOCKOM AepopManuu



MasnonukiaoBoe Harpy>XeHHe TIOCKOTro o0paslia ¢ HeMpepbIBHBIM MOJIEM CKOPOCTEH
NEPEMEIICHUN COCTOUT U3 €0 MOCIIEOBATENbHBIX OJTHOOCHBIX PACTSXKEHUS U CHKATHS.

[Ipu pactsokeHuu T1Uiockoro obOpasua (puc. la) pacTsaruBarolde HampsHKEHUS
PUKJIAIBIBAIOTCS K €ro BEpXHEW 1 HKHEHN rpadsaM. OTCro/1a CIeIyloT TpaHUYHbIEC YCIOBUS
JUISL HAIIPSKEHUM :

npu x, = l 0,, = 2k, ipu x, = —1 0,, = 2k, (1)
C Y4ETOM KOTOPBIX MOTyYaeM OAHOPOJHOE HANIPSHKEHHOE COCTOSTHUE
Oyp = 2k, 011 = 04, = 0. (2)

Jnst  BbimosiHeHuss (2) HEOOXOAUMO, YTOOBI OBUIO  BBIMOJHEHO YCIIOBHUE
TUTACTUYECKOTO COCTOSIHUS JIIsl Beero ooOpasma [8]. [Ipu 3ToM mosne JWHUN CKONBKEHHUS
SIBJISICTCS MTPSIMOJIMHEHHBIM, @ HAKJIOHA K OCH X - YroJl ¢ paBeH 45° [9].

C noMOmIpl0 WHTETPUPOBAHUS ONPEACICHO TIOJ€ CKOPOCTEHM TMPHU IIIOCKOU
nedopManuu B BUJIE:

vy dv, d
o ot

v, av, (av1 oV,

0x, * 0xq - 0x; 0X,

(3)

[lepBoe ypaBHEHHE MAaHHOW CHCTEMBI MPEJCTABISET COOOW YCIOBHE CHKHMAEMOCTH
Marepuasna, ONpeaessaioIee 3aBUCUMOCTb ckopocTer Vi, V, OT IJIOTHOCTH mMaTepuayia —
GyHKIMM KOOpJIMHAT ¥ BpeMeHH. BrTopoe ypaBHEHHME — O3TO COOTHOIIEHUS
aCCOLMHUPOBAHHOTO 3aKOHA TEYCHUSI.

Cucrema (3) umeer o0Ol1iee pelIeHne BUIA:

{V1(X1:X2» t) =ty (X; — X1) + tP, (X, +Xq), (4)
Vo(xq,Xp,t) = t0;(Xp — X1) + t0,(X, +X1),



rae Yq,Y,, 64, 0, — nponsBoibHBIE ABAXABI MU depeHnpyeMbie PyHKIUU.
['pannuHbIEC YCIOBUSA 11 CKOPOCTEN MTEPEMEILICHHM:

{ npux, =0V, =0,mpux; =0V; =0 (5)
npux, =1LV, =V, npux; =aV; = const

[Ipu gaHHBIX TPAHUYHBIX YCIOBUSIX OOIEe PElIeHHE CUCTEMbl ypaBHEHUH (3) MpUMeT BUJ
[10-11]:

©(x4,%,,t) .
t
V,(x4,X5,t) = [A(X, — X1) + A(x, + X)]t. (6)

)

Vi(x1,Xp,t) = [A(Xz —x1) —AXp +x1) +

3neck A — nekotopas nuddepenmupyemas Gynrims; P(xq, X5, t) = [ % [Inpldx;.

OObéMHasT IUIOTHOCTH MOIDHOCTH AUCCHIIAIIMKM OJSHCPruv, IIpu OJHOPOAHOM

HaNPsHKEHHOM COCTOSTHUH (2) MOXET ObITh HaliJIcHa B BUJIC:

dw
dt

av, L (7)
:‘gijo-ij =€222k=§2k=4‘k14 t,A >0
2

Wcxons u3 rpaHrdHBIX yeiaoBui (5) u Buaa ¢hyHkimu (7) MOXKHO caenaTth BhIBO [12],
yTo A — nuHelHas (yHKIUS BUaa
A(T) = cr,

MTOCKOJIBKY

A(0) =0,A(D) =V,
to ecth A(t) — rmaakas auddepeHnupyeMas (QyHKIHSI, MOHOTOHHO BO3pacTaromias Ha
otpeske [0, 1] [13]. IIpousBoanast pyHKIMs it A SBIISETCS JTMHEHHOM

A'(t) = ¢ = const
OyZeT HaMMEHBIIEH Cpeu MTPOU3BOHBIX BCEX BO3MOXKHBIX (DYHKIIUN, TPOXOIAIINX Yepes3

YKa3aHHBIC TOYKH.



Torna npu noncranoBke A B (6) 1 yu€Te TpaHHYHBIX ycIoBHH (5) ToJie CKOpoCTei
onpeaenuTcs B Bujae (U1 TOro, 9YToOBI MPOM3BOIHASA OT V; 1O X, oOpamianack B 0, 4TO
HEOOXOAMMO 1O BTOPOMY YPaBHEHHIO CUCTEMBI, PYHKIHS P JTOJKHA 3aBUCETh TOJIBKO OT

X4, t):

V _
Vi(x1,Xp,t) = _Txl + (x4, 1),

(8)

Vo(xq,X,t) = _Xz

[Ipu monydeHHBIX 3HAYEHUSIX CKopocTer Vi, V, KOMIIOHEHTBI TEH30pa CKOPOCTEU

nedopmanuii €;; pasHsl [14]:

(Lo V9 v, _V
1%, = T T o P =5 =T
1,0V, 9V,
) f12 =7 (axz + axl) 0,
1 10 _ |74 9
sz\/(€11_522)2+4512 zja_xl(P(Xpt)—T» ®)

Kommonentsl TeH30opoB AnbMancu E;; w ckopocred aedopmanui  g;;  CBS3aHbI

COOTHOIIICHUAMM

0E, OE, v, oV, (10)
5t o, et By T Eiegy = i

B ciydae niiockoit aedopmaniu KOMIOHEHTHI YKa3aHHBIX TEH30POB UMEIOT BU/I:

E,y,=e+gcos20,E,, =e—gcos20,E;, = gsin20, (11)
&1 =Y cCos2Y,&ey, = —yCos2Y, &g, =Y Sin2yY,

rae e ——(E11+E22) g= \/(511—522) + 4EZ%, 6,9 — yIibl HaklIOHAa IIEPBOTO

IJIABHOT'O HAIPABJIECHUS TEH30POB Ejj M €;; K OCH X;.



[MoxcraBnss (11) B (10) 1 penias moJrydeHHYIO cHCTeMy Tipu 6 = ) = % HalAEM J1Ba

WHTETpaIa, onpeaesstonux oomee perenne (10):

12 2 (12)

——  _xezZ,
(I, + Vit)?

e?—e=g%|2g—2e+1|=

a _
raen = ——.

X1

_ vt o
BBo/is BeNWYMHY OTHOCUTENBHOIO YHJIMHEHHS oOpaszna & = > HaHIEM u3 (12)
0

VMHBAPUAHTHI g U € TeH30pa AJIbMaHCH:

£2 2 (13)
&7 - (£+ 1)? (en? ~ e DZ)

9= T Gy T

t2
4(E+ 1)2e"2

Torma rmaBHbIE 3HAYEHUS TEH30pa AJTBMAHCH PABHBI:

2

t
o ox 1 (§+1)2E_ _(E+1)?2—-e"7
R A R N <)

[Ipy ckaTum  HampaBjieHUsS  TPUJIOKEHUS  HANpPsDKEHUHW ~ MEHSAIOTCA  Ha
MIPOTUBOIOJIOXKHBIC (pHC. 10), MOATOMY TpaHuYHbIe yciIoBus [15] mia HanpsokeHui OyayT
UMETh BU/I;

npu x, = h g,, = —2k,npu x, = —h g,, = —2k. (15)
Torna Hanpsk€HHOE COCTOSIHUE OYIET ONPEEIATHCS BEIPAKEHUSIMU:
0,, = —2k, 041 = 04, = 0. (16)
[Tosie MMHUI CKOJIBKEHUS OCTAETCA MPEKHUM, TOJIE CKOPOCTEU TAKKE ONPENCIAECTCA U3
penieHus cucTemsl (3).

['pannuHbIE YCIOBUSA 111 CKOPOCTEN



/4
npux, = h'V, = 2cht = -V, C__Z_ht

_ Va (17)
npux; =aV; = —2cat + p(x,t) = e + p(x4,t),
npux; =0V, =0, npux, =0V, =0,
JAr0T ToJIe ckopocTel B Buze [16]:
|4 B |4 18
Vi = ! + @(x, 1), V, = %2 (18)
Torma KOMITIOHEHTHI TEH30pa CKOopocTel AeopMaIiiii paBHBI:
(p Vi V9 v,V
=ox, — R Toax PG t) e =52 =~
6V1 v,
{ €12 = (aXZ T ox, aXl O
1 V 10 _ 19
Y= 7\/(511 — £5)% + 4ef, = T 20%, P(x4, ), (19)

BBoasi BenMMUMHY OTHOCUTEIIBHOTO CXaTus oOpasna €& = P HaligéM II0JIe
0

o T
nedopmanuii kak perierue cuctemsl (10) mpu 6 = ;,1/) = (0 ¥ HaYaJIbHBIX YCIIOBHSIX

nput =0e =-¢ey5,9 = gy

rIe €y, Jo — 3HAUCHUS WHBAPUAHTOB TeH30pa AsibMaHcu [17], mojydeHHBIC Ha I3Tame

pacTsIKEHUS.

[Ipy nmpuBEeNEHHBIX YCIOBHUSX MHBAPHUAHTHI TE€H30pa AJIBMAHCU MPUMYT 3HAUYCHUS

[18]:

(-gi—ee’s  (1-9?
5 (20)

2(1-8)? (go —eyt %) 2e"72
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tz
( N 1) ez N 1
*\Go — €T T 5
2 8(1 — &)2 (go —ey + 7) 2

KpuBbie omnpenenstomue (QpyHKIIMOHAIBHYIO 3aBUCUMOCTh MEXIY HWHBapHAHTAMHU
TeHzopa aedopMalii ¥ OTHOCUTEIBHBIM Y/UIMHEHUEM (CKaTHeM) MpeJCTaBlIeHbl Ha

pUCYHKE 2.

™|
L]

Pucynok 2 — I'paduku 3aBrcUMOCTEN MHBAPUAHTOB TEH30pa AJIbBMAHCH OT

OTHOCUTEJILHOTO YJIJIMHEHUS/CKATUS NP TUIOCKOU JedopMaLivu

Haiiném tpaexkropum nBMXKeHHUs 4dacTull marepuana. OHU ONpPEAENSIIOTCS U3 IO

CKOPOCTEH B BHJIC 3aBUCUMOCTH X7 (X5). JIis pacTspkeHus

2 0,0
clt— X1 X2 (21)
X, =e 2 % ;
X2
JJIA CKaTuia
2 0,0
clt— X1 X2 (22)
X, =e 2 %
X2
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PI/ICYHOK 3-— TpaeKTOpI/II/I ABHIKCHHU YaCTHUI MaTCpHaJia IIpU paCTH)KGHI/II/I/ CXKaTHuU IIpH

TJI0CKOM lehopmaruu

N3 ¢popmyn (21), (22) u pucyHka 3 BUJIHO, UTO YACTHIIbI IBUKYTCS IO OJTHUM U TEM
KE TPACKTOPUAM M MPU IOCIEAOBATEILHOM pPACTSHKEHUM-COKATHM BO3BpalalOTCS B
UCXO0JIHOE MojoxkeHue. [lo3ToMy B KauecTBe mapaMeTpa OLEHKH M3MEHEHHUS CTPYKTYpBI
Marepuana CciaeAyeT NPUMEHSATh DJHEPreTUUYECKUE KPUTEPHUM, HalpUMEp, MOXKHO

MCIIOJIb30BaTh 00BEMHYIO TIJIOTHOCTD JUCCUTIAIIUU YHEPTUH, KOTOpask OyJIeT paBHa:

! —_ —_— —
w pact. — Eijo-ij = 8222k = 2k,

I, + Vt

_ v (23
W' cxar. = €ijOij = 2k Py )
0

rae W'paCT.— 00BEMHAs TIOTHOCTh JUCCUIIALUH SHEPIUH NpH pacTskeHun, W' .. — npu

C)XKXaTuu.
N3menenue IMUPHUHBI MTOJOCHI OIMPCACIIACTCS BbIPA)KCHUAMMU:

agp lo c ﬁ aoho g (25)
Apacr.(t) = o+ vt * €12, Ayear. (t) = ho =Vt *e1Z,

HeobOxoaumbie 17151 pacTsyKeHUsI/CoKATHS YCUITUSL HAXOATCA 110 hopMyiam:

12



4ka, t? 4ka, t? (26)

Poacr. = a+9 * V2, Py, = — a-9 *e1zZ,

BoiBoabl: B manHoit pabore Obuiv moaydeHbl (QyHkImH Vi (Xq,X,, 4, T) H
V5 (x4, X5, t; T), a TaKXKe TJIaBHBIC 3HAYCHUS 3HAUCHUIT TeH30pa aedopmanuii Anbmancu [17]
(Ea, E2), BEIpaskeHHBIX Yepe3 OTHOCHTENIbHOE YAJIHHEHHE 00pa3ia €. Takxke onpeaecHeHbI
r€OMETPUYECKUE pa3MEPBI HCIBITYEMOro 00pasa, ociie BO3ACHCTBUS HA HEr0 HEKOTOPBIX
YCHJIMA W ONpeAeNeHbl YCWUJIHMS TpPH PACTSDKEHWH U CKaTuu. JlaHHBIE BEIWYHHBI
HEOOXOUMBI IIPU MAJOLUKIOBOM HAarpy>K€HUH, TaK KakK MpU JOCTHKEHUU KPUTHUYECKOTO
3HAYEHUs] JUCCHUIALIMM DHEPIUM HAYHET 3apOKJIaThCi MHUKPOTPEUIMHA, YTO MOXKET

IPUBECTH K pa3pylIeHnto KoHcTpykuuu [19-20].
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