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Аннотация. В статье представлен метод оптимизации посадочной траектории мини-

БПЛА с учетом ограничений на управление и посадочную скорость, а также способ 

сопровождения найденной траектории. Выбранными оптимальными управлениями 

являются именно нормальная и тангенциальная перегрузки. Критерий оптимальности 

представлен в виде Больца, включающая точность приземления и расхода топлива 
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БПЛА. Применение принципа максимума Понтрягина превращает задачу 

оптимального управления в краевую задачу, которая решается методом продолжения 

по параметру. Чтобы проверить оптимальную траекторию, конкретный тип БПЛА 

выбран для моделирования сопровождения вышеупомянутой траектории с помощью 

программного обеспечения Matlab Simulink. Результаты показывают, что применение 

алгоритма сопровождения оптимальной траектории обеспечивает точность и 

безопасность посадки БПЛА. 

Ключевые слова: оптимизация траектории, метод продолжения по параметру, 
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Abstract. This article presents the method of optimizing the landing trajectory of mini-UAV 

considering constraint of control and landing speed and the method of tracking the found 

trajectory. The chosen controls are namely normal and tangential overload. The selected 

objective function is in the Bolza form, including landing accuracy and energy consumption 

during flight. Applying the Pontryagin's maximum principle turns the optimal control 

problem into the boundary problem, which is solved by the parameter continuation method. 

To verify the optimal trajectory being gained, the authors selects a specific type of UAV to 

simulate tracking on the aforementioned trajectory through the Matlab Simulink software. 

The results show the application of the optimal trajectory tracking controller assures the 

accuracy and safety of UAV landing. 
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1. PROBLEM STATEMENT 

The recent year have witnessed numerous studies on designing UAV landing 

trajectory [1,2,5,6,7,8] since landing process entails tremendous circumstances; thus, drones 

are obligated to comply with several referential trajectories to attain efficient landing with 

respect to some performance indices [1,8]. It is possible to employ analytical and numeral 

method in designing landing trajectory, in which analytical method holds an advantage of 

attaining analytical control. Nonetheless, finding the solution is of hinderance and often has 

to simplify the problem. As for the numerical method, its merit is to finding the trajectory 

quickly, but in real-time, challenges awaits especially in the case of factors affecting the 

UAV such as wind disturbance. 

Controls are regularly chosen with angle of attack, pitch angle or normal overload... 

these controls are restricted and bounded within a range of definite values; however, there 

go few studies considering control constraint for mini UAVs in the process of finding 

optimal control [2, 6, 7]. Regarding mini-sized UAVs, the control (normal overload) falls 

within in a narrow range of values would engender difficulty to the optimal control by 

analytical method. Therefore, the authors utilize numerical method to find the optimal 

control. The application of Pontryagin's maximum principle allows to transform the optimal 

control problem to the boundary one, which takes into account the limitation of the control. 

The boundary conditions of the problem takes into account the position, attitude and speed 
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of UAV when landing. The researchers handle the boundary problem by the parameter 

continuation method, which outweighs other methods by allowing the method's parameters 

to be included in the object equation, it helps to increase increase the convergence ability of 

the method in case of passing the special point if necessary [3, 4, 15]. After finding the 

optimal trajectory, it is in need of establishing an optimal trajectory tracking controller. The 

essence of the tracking control system is to eliminate the deviation between the instant and 

the programed trajectory. Therefore, This paper aims to solve the following main contents:  

First, derivation of dynamic model of UAV vertical motion;  

Second, developing a landing trajectory for the UAV;  

Third, synthesizing the landing trajectory tracking algorithm for UAVs; 

Fourth, simulation and evaluation of results.  

The results of this paper are the optimal trajectories in some circumstances and the 

verification of feasibility of following these trajectories, thereby offering recommendations 

to the UAV user about the appropriate selection of landing of trajectory. 

2. PROBLEM SOLUTION 

2.1. Derivation of dynamic model of UAV vertical motion 

The UAV vertical motion is defined to occur only in the vertical plane, means that 

the trajectory plane Oxkyk coincides with Oxoyo plane shown in Figure 1. 

 

Figure 1 – UAV motion in vertical plane 



 

In the absence of wind disturbances, the irregular vector 
rV  coincides with the velocity 

vector 
kV  (

r kV V ), and the equations of UAV vertical motion is presented as follow: 
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In which: m – mass of UAV; T – engine thrust; ( )xC  - drag coefficient with respect 

to angle of attack; ( )yC   - Lift coefficient depends on angle of attack; z

yC - derivative of lift 

coefficient depends on angular velocity z with a
z z

r

b

V
  ; c

yC
 - derivative of lift coefficient 

depends on elevator deflection; ydngC - lift coefficient of horizontal tail; ba – mean 

aerodynamic chord; S - UAV's wing area; G – gravity; 
2.

2

rV
- dynamic pressure; zm  - 

moment coefficient depens on angle of attack; z

zm - the derivative of the pitching moment 

coefficient depens on z ; c

zm
 - the derivative of the pitching moment coefficient depens on 



elevator deflection; _z dngm - moment coefficient depens on the deviation of the horizontal 

tail; zom - initial moment coefficient depens on the unsymmetrical shape of the UAV relative 

to the horizontal plane; hđc - engine‘s height relative to the UAV longitudinal axis. 

2.2. Developing landing trajectory of UAV 

 Figure 2 depicts the diagram of closed-loop UAV landing controller as follow: 
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Figure 2 – Block diagram of closed-loop UAV landing controller 

In which: 

, ,o o ox y z - UAV position in ground coordinate system Ooxoyozo; 

1 1 1
, ,x y zn n n - overload relative to axes of the integrated coordinate system 1 1 1Ox y z ; 

, ,x y z   - rotational velocity relative to axes of the body frame 1 1 1Ox y z ; 

* * *, ,o o ox y z  - UAV position measured by inertial navigation block; 

1 1 1

* * *, ,x y zn n n - overload measured by inertial navigation block; 

* * *, ,x y z   - rotational velocity relative to axes of the body frame measured by inertial 

navigation block; 

, , ,c h l gu u u u - signals controlling elevator and rudder deflection, aileron deflection and 

throttle 



 

, , ,c h l g    - deflection of, rudder, aileron and throttle control level. 

When considering UAV like point-mass, the equations of UAV vertical motion (1)   

(7) are given by: 
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g
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V
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In which: V - UAV velocity;   - flight path angle; x - horizontal range; y - altitude; 

g – gravitational acceleration ( g = 9,80665 m/s²);  , , ,
T

X V x y - state vector of UAV; ,x yn n

- tangential overload and normal overload.  

 Choosing control vector [ , ] .T

x yu n n , the objective function under Bolza form, is 

given as: 
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In which: 1 2 3 4, , ,    - constants; 2 2 2

1 2( , )k diag k k - coefficient; 0t and 
ft initial time and 

terminal time of control process; , , ,f f f fV x y - desired value at terminal time ft ; 

( ), ( ), ( ), ( )f f f fV t t x t y t - output value at terminal time ft  

Then, the equivalent Hamilton function is developed as: 
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The optimal control is gained in each point causing the Hamiltonian function H to 

reach its maximum.  



In this paper, it is assumed that the tangential overload xn is unrestricted, with the 

optimal condition 0
x

H

n


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 , the optimal control yn is gained; hence, the 

UAV ‘s motion equations are given by: 
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 It is of significance to find the initial conditions 0( )VP t , 0( )P t , 0( )xP t , 
0( )yP t , to 

match the boundary ones ( )f fV t V , (t )f f  , x(t )f fx , (t )f fy y , ( , , ) 0fH X P t  . 

Indeed, this aims to solve the boundary problem, which may encounter numerous challenges 

owing to the relation to computation time, the choice of initial approximate parameters and 

the convergence of the method. Some studies suggest using the Newton-Raphson method 



 

[13, 20]. Nevertheless, given the constraints of control, it is arduous for the application of 

Newton-Raphson method [15, 16]. Other research posits the continuation method of solving 

by parameters [3, 4, 17, 18], this method has demonstrated its preeminence. 

 

 The authors consolidate the theory via a specific case which considers initial state of 

UAV with following values (0) 50 / ;V m s  (0) 0 ;radian  (0) 0 ;x m  (0) 60y m  and desired 

terminal state of UAV: 30 / ;fV m s  0 ;f radian  500fx m ; 0fy m . 

 Mini UAV type chosen for simulation and evaluation is the UAV-70V. This is a 

small-sized UAV researched and manufactured by the Viet Nam Aerospace Association is 

often used for remote monitoring. To ensure the UAV-70V’s tail does not hit ground when 

landing, the pitch angle must be 12o  ; thus, the author has considered the constraint of the 

normal overload yhcn  [10]. Which limits angle of attack ( ) and pitch angle angle ( ). In 

the optimizing trajectory algorithm, the value of pitch angle at final time is computed not to 

exceed limit value 10o  for the purpose of error margin while controlling UAV. 

 After solving the above equations, the program trajectory of the UAV is attained as 

, , ,ct ct ct ctH V   shown in Figure 3, Figure 4, Figure 5, Figure 6, as well as tangential overload, 

normal overload of UAV shown in Figure 7, Figure 8 presented in blue line. When changing 

the initial altitude on landing, the results also match the program trajectory as well as the 

UAV’s normal and tangential overload as the red and yellow lines. 

 



 

Figure 3 – Landing trajectory of UAV 

 

Figure 4 – Flight path angle of UAV 

 

Figure 5 – Pitch angle of UAV 

 

Figure 6 – UAV ‘s velocity 

 

Figure 7 – Tangential overload 

 

Figure 8 – Normal overload 

 

2.3. Tracking algorithm of the UAV landing trajectory 

Via the equations of vertical motion of the UAV (equations (1)   (7)), in order to 

control UAV under predetermined programs of trajectory and speed, it is required to 

develope a closed-loop of altitude and speed.  

The relationship between UAV’s altitude and flight path angle burgoens the 

derivative of altitude as 

.

.sinkH V   (19) 



 

 On the other hand, with y

N P + Y
n =  = 

G G
, it is inferred that the change of N would lead 

to the change of normal overload 
yn and consequently change the flight altitude.  

   N = P + Y – control force; 

   G = mg – UAV mass; 

Remarks: Therefore, controlling UAV tracking trajectory will be accomplished by 

controlling flight altitude or pitch angle of UAV (flight path angle of UAV) and controlling 

normal overload 
yn of UAV. 

2.2.2. Tracking trajectory using pitch angle control 

The pitch angle tracking algorithm is found by:  
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To track given flight altitude
ctH , it is required to make pitch angle control with respect 

to altitude 
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Substituting (21) in (20), the altitude control depends on the pitch angle: 
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In which: .z

c zK

  - damping control; 
c

K

   - control depends on the pitch angle;  
c

H

ctK H H 

- main control depends on prefixed altitude deviation ( ctH ) compared to instantaneous 

altitude (H) during flight for in-trajectory maintenance.  



In addition, trajectory tracking algorithm controlling pitch angle can be used: 

- Method of using integral term in control algorithm 
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When employing control algorithm (23), closed loop system eliminates the residual 

steady-state error that occurs from moment disturbance, wind disturbance and measurement 

error of sensors z, . 

- Method of using equal feedback in control algorithm  
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Obviously, the main cause of altitude error in steady mode is pitch error  . 

Therefore, the pitch error impacting on system must be eliminated, which is implemented 

by utilizing the filter of equal feedback in the closed loop . It also means to ensure 0xl   

to maintain XLΔΗ 0 . 

2.2.3. Using normal overload in tracking algorithm 

In flight, the UAV is subjected to 4 forces: engine thrust (T ), lift force 

(Y ); gravity force G = mg  and control force. To control altitude during flight, it requires 

change magnitude and direction of these forces. During flight, G is almost unchanged while 

T and Y  constant change. Sum of two vector N Y T  , which is so-called control force. 

Normal overload can be defined as: 

 

y

N
n

G
   (25) 



 

Control algorithm employed normal overload can be expressed as: 
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in which:  
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So, it is inferred that expression of control 
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2.2.4. Combined trajectory tracking control 

Controlling the UAV tracking program trajectory can be achieved with above control 

algorithms. In practie, we can use algorithm which combines all control to improve 

accuracy. Thus, the combined control can be expressed as: 

( ) ( ) ( ) ( )
z

i
c z p ct ct ny y yct H ct

K
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P
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In a nutshell, it is apparent that the aforementioned control algorithms have their own 

merits and drawbacks. Through the study process, the control algorithm (28) employing PI 

term and normal overload control embodies distinct prominence. Within the scope of this 

paper, the authors conduct simulation control algorithm (28) to evaluate performance of 

tracking controller and simultaneously evaluate the ability to implement the landing 

trajectory optimization algorithm in a specific UAV. 

3. SIMULATION RESULTS  

 The type of mini UAV simulated and surveyed is the "UAV-70V". The geometrical 

features and mass - inertia - centering characteristics of the UAV were identified directly 

from the three-dimensional drawing of the UAV by INVENTOR software. Aerodynamic 

characteristics: The aerodynamic coefficients are determined by ANSYS CFX software, 



based on solving the system of Navier-Stock equations by the finite volume method [11]. 

The efficiency coefficients of rudder ( c

zm
 , l

xm
 , h

ym
 ) and other aerodynamic derivatives ( z

zm ,

x

xm
 , x

ym
 , y

ym
 ,…) are calculated by linear discrete vortex method [12]. 

 It is assumed that the UAV is equipped with ideal sensors measuring its position, 

velocity, altitude in space, angular velocities and overloads without static and dynamic 

errors, i.e. all sensors that measure the motion parameters of the UAV are simulated by ideal 

amplifiers. In addition, it is assumed that the UAV is equipped with actuators in the form of 

stepless electric actuators which has maximum angular rate of control surface, not exceeding 

200 degrees/s, and their inertia is simulated by an inertial phase with a time constant 

0,03qtT s    

It is assumed that initial position of the UAV is at point A before landing (Figure 8) 

with its velocity (0) 50 /V m s , initial flight path angle (0) 0 radian  , then the location of 

the UAV on initial landing is (0) 60y m ; (0) 0x m . 

H=60m

X=500m
Δl

 

A

x1

x1

x1

B

Δx

 

Figure 9 – UAV’s state when landing 

 In which: L- runway length; L  - distance from the beginning of the runway to the 

desired landing position ( 40L m  ). 

 It is required to ensure the following conditions when the UAV hits the ground: 

 - Altitude error at the time of landing: 0 0,3m y m    ; 



 

- Distance error: 30x m  ; 

 - Landing speed 
minhcV V  .  

In which: 
minV  is achieved from the condition of balancing between the UAV ‘s weight 

and lifting force when landing (at the moment just before landing caused by the normal 

reaction force of ground acting on UAV ). 

2

min

2
yHC

V
Y C S G


   (29) 

  So: min

2

yHC

G
V

C S
  (30) 

 In which: CyHC - lift coefficient at the moment of landing;  

   - air density at ground.   

 - Vertical velocity when landing: 1 /yV m s ;  

 - UAV’s pitch angle when landing: 0 12o   ; 

 - UAV’s normal overload: 1 3,5yn   . Particularly, UAV’s normal overload when 

landing must be greater than 1. 

 Through the dynamic model of the UAV (equations (1)   (7)), the characteristic 

parameters of the UAV and control law (28), the authors establish a simulation model of a 

closed loop control of UAV vertical motion using Matlab Simulink software shown in 

Figure 10. In which, the values of teta_mm1, Ny_mm1, H_mm1 in the Pitch angle controller 

are program pitch angle, program normal overload, and program altitude are achive from 

optimal landing trajectory solution. 



 

Figure 10 – Block diagram of closed loop of the UAV vertical motion  

In pitch angle controller shown in Figure 11, using Simulink Response Optimization 

tool in Simulink, the results would contain the coefficients Kp, Ki - corresponding to the 

scaling and integration coefficients of PI controller as well as 
zK
 , 

nyK - corresponding to 

damping coefficients and overload error exclusion coefficients. 

Foremostly, the coefficients 
pK  , 

iK , 
zK
 , 

nyK must be appropriately selected to 

conduct control law (28). The law‘s aim is to reach 0 , 0H  and 0yn  , however, 

the attainment must satisfy the limitation on the angle of attack and the overload factor (



 

12o   và 1 3,5yn    ), which means UAV must fly within acceptable angle of attack and 

overload limit.  

 

Figure 11 – The UAV ‘s pitch angle controller  

In light of employing Matlab – Simulink’s optimizing tool namely "Simulink Design 

Optimization", the researchers can adjust the desired response signals in Simulink model by 

adding the “Check step Response Characteristics” block in simulation model. The findings 

of coefficient values are presented in Figure 12.  

 



 

Figure 12 – Coefficients 
pK  , 

iK , 

zK
,

nyK  

 

Figure 13 – The change of UAV’s 

distance over time 

Running simulation program with obtained coefficients in Figure 12 indicates that the 

system controls the landing in program trajectory with high accuracy. Altitude error at the 

final time (when landing) (Figure 14) 0,12H m  , distance error 0,3x m  (Figure 13) 

which meet the requirement for UAV’s safety landing. UAV’s pitch and flight path angle 

contiguously follow the programed pitch and flight path angle (Figure 16). The flight path 

angle 0,3o  and pitch angle 10,1o  when the UAV lands are guaranteed to be within the 

acceptable range. The normal overload of the UAV (Figure 18) follows the programed 

normal overload and is within the allowable range. 

Figure 17 displays the change of elevator deflection angle is appropriate within the 

limit range 25o . Whereas the figure 19 depicts the change of UAV’s attack angle which 

falls within the acceptable limit range and it reached 10,4o at the final time. 

 



 

 

Figure 14 – Change of UAV 

altitude over time 

 

Figure 15 – Change of UAV pitch 

angle over time 

 

Figure 16 – Change of UAV flight 

path angle over time 

 

Figure 17 – Change of UAV 

elevator deflection angle over 

time 

 

Figure 18 – Change of UAV 

normal overload over time 

 

Figure 19 – Change of UAV 

attack angle over time 

 

 

 



4. CONCLUSION 

This article copes with the optimal landing trajectory of mini UAV considering 

control restriction. The significane of this study is that the landing speed is smaller than the 

initial one. The maximum principle Pontryagin allows the reseachers to turn the optimal 

control problem into the boundary problem, which is solved by the parameter continuation 

method. The optimal trajectory is evaluated and verified by the Matlab Simulink software. 

The result affirms that the dynamic model and the control algorithm tracking the optimal 

trajectory as built and selected are of appropriateness. Using the proposed control algorithm, 

it is possible to control the UAV to track the optimal trajectory, ensuring the safe landing. 

Hence, it is possible to apply the research findings in the practical design and manufacture 

of the landing control system as well as the landing control process of the UAV. 

Nonetheless, the paper using numerical method to find the optimal trajectory argues that the 

achieved trajectory may become a recommendation in case of pre-planned landing or 

necessity of meeting the real-time requirements or with disturbance, the analytical method 

would outweigh the numerical one in use. 
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