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Introduction to the theory for optimal design of satellite constellations
for earth periodic coverage

Yury N. Razoumny

Abstract

Design of satellite constellations is associated with continuous or periodical coverage of an
Earth region of interest depending on the concrete task of the space mission. Satellite constellations
for continuous and periodical coverage are principally differed by orbit parameters as well as by
methods of constellation design. In this study route theory for design of constellations for circular
low Earth orbits providing periodical coverage with minimum revisit time criteria is described. The
route theory includes: 1) consideration of so called route orbital pattern as mathematical abstraction
of arbitrary constellation; 2) analytical solution for calculation problem of distribution of revisit
time values on Earth surface for one satellite and multi-satellite route pattern; 3) formulating several
regularities for revisit time as a function of satellites positions in constellation; 4) development of
method for optimal design of constellation under given criterion and requirements. Using of route
orbital patterns is practically not connected with restriction for type of constellation. It is also shown
that optimal constellations calculated using the route theory are in general not worse and in many
cases much better (in respect of criteria mentioned above) comparing with the analogs found using

other well-known methods for periodical coverage.

1. History of the problem

From the very beginning of the space age the Earth artificial satellites serve the mankind.
Moreover, the satellite importance for the human being was emphasized when group of satellites
functioning together to solve common task, had been created. These groups are commonly called
satellite constellations. Efficiency of such groups functioning depends on how correct these
satellites orbits are chosen, and how the satellites relative orbital movement is organized. This
problem is discussed below.

The way to solve the problem to optimize the satellite constellations was outlined in
principle in the 60th — 70th, when the importance of study of so called function of satellite coverage
(continuous or periodic) of the Earth was recognized [1-11]. This function allows interpreting the
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purposes of big number of satellite systems achieved by means of different on-board equipment, in
unified abstract aspect. Namely, this aspect took the form of establishing (continuous or
discontinuous, respectively) necessary geometric conditions of relative positioning of satellites and
Earth surface objects observed.

Important theoretical generalization of ballistic design methods for satellite constellations
for continuous and periodic coverage known by the late 70th, is presented in [11]. The most
valuable result was obtained, independently and almost at once, by Walker [5, 6, 9, 10] and
Mozhaev [7, 8]. This result yielded in the development and comprehensive grounding of so called
symmetrical constellations for continuous coverage problem. Each symmetrical constellation
corresponds to a certain code of symmetry describing relative satellite disposition in the network. In
Russian literature the symmetrical constellations are called “kinematically regular networks”, in
English — “Walker constellations”. Later the symmetrical constellation properties for the continuous
coverage problem were subjected to close inspection of both these constellations inventors —
Walker and Mozhaev, and other authors (see, for example, [12-15]).

Some other methods to optimize the continuous coverage satellite constellations were
introduced later on. These are the “streets of coverage” method [16, 17], original Draim’s method to
analyze constellations using elliptical orbits with minimum needed number of satellites [18], and
others. However, such particular methods involve the essential narrowing the classes of
constellation in use, and are not universal and simple like symmetrical constellation method. Even
nowadays most of investigators of this problem refer first to symmetrical constellations at designing
the continuous coverage satellite system.

Simplicity of continuous coverage system design on the base of symmetrical constellations
did not allow to fully recognize the complexity of periodic coverage problem, although it was
emphasized by some investigators both many years ago [15], and not long ago [26]. Mozhaev, in
particular, points to that the main criterion function in the periodic coverage problem (revisit time)
is not differentiable (as in the continuous coverage problem), but “even discontinuous and unable to
be set by formulas” [15]. It can be spelled out that mathematics did not offer any ready method able
to be directly applied to optimize satellite constellations for periodic coverage. Moreover, the word
“optimum” was conditional in the periodic coverage problems down to recent times. Usually, this
word referred to rational (from different points of view) alternatives of satellite constellations
chosen in a priori predetermined narrow classes of orbital structures.

In order to provide equal precession of satellite orbits the Earth surface coverage satellite
constellations are usually organized on circular orbits of equal radius and inclination. In this context

it can be pointed to some practically validated narrowing of the optimization range of satellite



constellations for periodic coverage (as compared with those for continuous coverage) that is
defined by applying for periodic coverage relatively low circular orbits up to about 5,000 km (this
maximum altitude can vary depending on available width of the satellite coverage swaths).
However, the said circumstance does not simplify, if not complicates, the problem under
consideration.

Due to the complexity of the periodic coverage problem the first attempts to solve it were
reduced to a simple application of symmetrical constellations method. The latter approved itself at
solving the continuous coverage problem, despite that seldom some other particular methods were
used [15, 19-26]. As a result, symmetrical constellations have been widely propagated in practice of
satellite constellation design not only for continuous but also for periodic Earth coverage, lacking
something better.

However, soon afterwards the Soviet (Russian) authors have revealed the versions of
satellite constellation for periodic coverage with “poor” symmetry. These constellations badly fit in
symmetrical constellation theory but stably have the better or the same periodicity values
comparing with symmetrical constellations [27-37]. Unfortunately, judging by the publications,
these results were overlooked and not assessed by the world scientific society till nowadays. ”The
literature on low-altitude satellite constellations that provide non-continuous coverage of a small
part of the globe is sparse”, authors of [23] pointed out. Really, there were many Russian-language
papers devoted to the subject of periodic coverage of the Earth surface areas. Obviously, the reason
was that far from all Russian-language papers dealing with the synthesis of periodic coverage
orbital structures were translated into English.

As a matter of fact, so called secure constellations were revealed and substantiated in the
mentioned papers [27-37]. Secure constellation is designed by means of N satellites (or N identical
frontal satellite groups) disposition along common trace(s) on the Earth surface with time lag equal
to the 1/N of maximum revisit time provided for a certain Earth region by one of N satellites (by
one of N frontal satellite groups) of the constellations. Secure constellation provides maximum
revisit time which is equal to the said time lag in the movement of satellites (frontal satellite groups)
along the trace(s).

Frontal satellite group consists of satellites whose sub-satellite points at any moment have
the same latitude and are shifted relative one another by longitude only. It should be noted that the
“secure constellations” term was introduced by the author of present paper. In referenced papers of

other Russian authors the said constellations either have other appellations or do not have any.



Steadily good features of secure constellation at the periodic coverage allowed some
researchers to throw out a suggestion that these constellations are absolutely optimal in solving the
periodic coverage problem: Mozhaev [15, p. 259], Saulsky [29, p. 112].

However, the author had queried this statement in [38], and later he obtained the final
negative conclusion about optimality of secure constellations [39, 40]. It was proved by revealing
some effective satellite constellations that did not belong to any known class. Revealed
constellations were testified to surpass secure constellations in minimum revisit time criterion in a
series of different cases.

Therefore, the situation was contradictory: comparative features of different satellite
constellation classes essentially depend on the choice of common comparison conditions, and do
not allow to prefer one to another in a general case. Author supposes that his route theory for orbital
design of periodic coverage satellite constellations, serves to resolve this situation. Fundamentals of
the said theory are stated in [41] and are subject of author’s lecture courses in MSTU named after
Bauman.

For clear reasons only some basic principles of the theory and restricted amount of
numerical results are demonstrated in present paper. Only a small part of the theory statements is

represented in the paper. Statements represented are given with no proof.

2. Route theory: brief description

Ballistic parameters of the constellations on circular orbits of equal altitude and inclination
are specified by vector
Sy =151 S; =(H.i,Q;,u;), j =1DN, (1)
where H — orbit altitude; i — orbit inclination; Qj — longitude of the orbit ascending node of j-th
satellite; u; — latitude argument of j-th satellite of the constellation in the initial point of time; N —
number of satellites in the constellation.
: . . Q; u;
Components H, i of vector (1) define the orbit types, as well as components ~ ! and !
specify orbital or phase structure of the constellation:
Oy =104 0; =(Q;,u;), j =1MN. )
Traditional approaches to solve the problems of periodic coverage are based on the
elaboration of optimization methods with simplifying assumptions reduced generally to a priori

preset of the orbital structure narrow classes Oy

in the form of symmetrical or other types of
constellations. The considered route theory is based on the refuse of satellite constellation

optimization within the framework of narrow classes of orbital structures, and on the revealing of



the regularities for general set of ballistic and system features of periodic coverage satellite
constellations. The system features are understood here as revisit time 7, and swath width IT that is
formed on the Earth spherical surface by momentary ranges of the satellites coverage. The revisit
time is understood as maximum revisit time provided with a priori preset probability level, and the
momentary ranges of the satellites coverage can have different form depending on the type of
available on-board facilities for observation.

Classical problem of periodic coverage for area R being observed on the Earth surface

consists in search for the minimum of function T(ON)and value ON, where this minimum is

reached. The problem is formulated as follows:

Problem A. Given: N,R,H,i,IT.
To find: Oy =argmin {r(Oy) = z(Oy /N,R,H,i,n)} -
Oy
and Zmin = 7(OR) 4)

Key point of the route theory (giving the latter its name) is so called route constellation used
as a mathematical abstraction for approximation of arbitrary satellite constellation. The satellites in
route constellation move on geosynchronous orbits along one or several closed traces (or routes) on
the Earth surface with repetition period

Ty =m-Ty =N-T, ®)

Tar _ draconic orbital period of satellites; ~ ¢ — efficient astronomical day or simply day

where
(time span between two subsequent passes of a fixed equator point over ascending node of the
satellite orbit); m, n — integer coprime numbers characterizing the number of circuits and number of
efficient astronomical days within the repetition period of the satellite traces.

Value m/n is a repetition factor of a geosynchronous orbit. Repetition factor m/n and
inclination i unambiguously define the orbit altitude H of route constellation satellites.

Orbital structure of the route constellation is properly characterized by longitudes of the

traces start on the equator (trace longitudes) ! and time positions of satellites on their routes (on-
. t . . . . Qi u;

trace positions) 1 , that are in one-to-one conformity with traditional parameters ~ ! , "/ of the

orbital structure. Values L) and tjvary within the following intervals:
L; [0,AL), t; €[0,T,,) (6)

where
AL =27/m (7)



— distance between neighboring points of intersection with equator of the one satellite trace
ascending parts within the repetition period Ty of this trace (internodal distance).
Internodal distance (7) is smaller by a factor of integer n than the interval between ascending

I‘iCdefined as

Application of the route constellation is connected with substitution of vectors (1) and (2) by

nodes of the satellite on two subsequent circuits (inter-circuit distance) A

vectors (9) and (10), respectively:
Sn =Sn<znsz> =i Sj=(m/niLjt;)i=1ON; )
Oy =Oncons =105 O; =(L;.t;) i =1DN. (10)
This substitution, i.e., the assumptions defining the route constellation do not restrict in
practice the domain of possible orbital dispositions both in altitude H, inclination i of the satellite

orbits, and in relative position of the satellites on these orbits. Let’s show that.

Really, it is not difficult to note that the infinite discrete multitude { g } of geosynchronous

orbit altitudes corresponding to various repetition factors m/n and fixed inclination i, corresponds to

: . H;>H . i .

continuous multitude { } { 9} of all possible values H as the domain of rational numbers
(fractions) and real numbers on any closed interval of axis of altitude H. At the same time, it is
known that for any real number within the closed interval a rational number can be found being

H=Hy, | =1

arbitrarily close to it. So, for any fixed values , a repetition factor m/n of

"= and altitude H being arbitrarily close to HO, can be

geosynchronous orbit with inclination
found. Hence, the assumptions defining the route constellations do not really restrict the domain of
possible satellite orbits. Taking into account that it is permitted in the route constellations that
satellites move non-synchronously along arbitrarily located traces, one can conclude that the phase
structure restriction in the route system is also absent.

Taking (10) into consideration, the classical problem of periodic coverage is formulated in
terms of the route theory as follows:

Problem B. Given: N,R,m,n,i, II.

- . sk _ - T(ON) =
To find: Oy =argmin . (12)
Oy (=7(On /N,Rm,n;i,n)
and z-min = T(O;k\/) (12)

The proposed method to solve Problem B is based on the fact that in any problem of

multidimensional optimization a duality of the target function T(ON) and its definition range Oy



takes place. In other words, the problem with complex target function can be reformulated in such a

way that target function will be easier but the “complexities” will be transferred to the optimization

area. A reverse transformation is possible, too. The area O dimensions define the a priori
information about location of optimum O;f: the larger is O the more is a priori information of
O;f location, but the less difficult is perhaps the search of this point due to simplifying of function
T(ON ) type.

In our case, “simplifying” of function T(ON ) is reached owing to the description of phase

structure Oy by vector (10) instead of traditional vector (2). That allows to essentially reduce a
priori uncertainty of function on parameters /. In fact, it is seen from (6) and (7) that

range of ) definition is not large and is 22.5...45 degrees for one-day (n = 1) low orbits about
200...5,000 km, respectively (in this case m varies from 16 to 8). With increasing of the trace

repetition period (increasing of n) the range of ! definition decreases rapidly down to some

degrees and degree fractions.
Disadvantage is that a priori uncertainty of parameters ! rises sufficiently with increasing of

n. In fact, as it can be seen from (6), for one-day orbits the range of definition of parameters ! is
about 24 hours, and with growing repetition period of the trace this range increases n-fold while

expanding to enormous dimensions at large values of n.

. . t..
At the same time, a large uncertainty of parameters ! is with usury compensated by that at

the description of orbital structure with expression (10) the route theory reveals a series of
regularities of revisit time variation as a function of parameters . In its turn, it allows to
create specific theoretical and program-algorithmic means for optimizing function T(ON) on

t.

parameters /.
Due to limited volume of the paper the theoretical statements concerning optimization of
optional constellations are not represented. Present paper shows the route theory possibilities on the

example of new efficient class of satellite constellations revealed and substantiated within the



framework of the route theory. The author calls these satellite constellations as regular
longitude shift

along the satellite trace (Fig. 1).

constellations.
Regular constellation is N-satellite constellation obtained from one satellite as a basic block
repetition simultaneously with

its successive (N-1)-fold
it Atk k :1(])N—1

by means of
byAL" Kk =1)N _1, and time shi

Satellite routes

| [Equater]

y.

"‘1 1' 4
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aler ™ Ale Alw
Fig. 1: Relative disposition of the satellites in regular constellation (N=4).
ALy and At used in this definition are called, respectively, longitudinal and time shifts of

the regular constellation. Reasoning from physical meaning of these values, their variation ranges

are determined in the following way:
AL, €[0,AL), At[0,T},),  (13)
and an orbital structure of regular constellations is defined according to formulas:

L; =ElaL, -(i-1)}
(14)

t; = E[at-(j-1)]
i =1DN,
where function E recalculates the argument values for ranges (6) of admissible variation of Lj and

minimum. Taking into account that the

t; magnitudes.
The satellites of regular constellation are shifted along their traces by constant relative value
At | therefore the determination of satellites positions "/, j=2(1)N (1,=0) on the traces is reduced
(At)

to the determination of 4¢ value providing function
definition range of time parameter 4¢ is large (n efficient astronomical days), this problem solution

seems to be highly difficult.



Function T(At) property allowing cardinal simplifying of this problem, consists in the

following. For specific area R and a fixed longitudinal shift AL

T(At)

tr of N-satellite traces in regular

constellation revisit time function versus time shift 4¢ meets Lipshitz condition within

[0, 7]

interval with constant (N — 1).

It is known that function S(x) satisfies Lipshitz condition in the range [a,b], if there
exists such constant >0, that /(W)= / (V) SQ-u=v| gy any wv elab]. constant Q is
called Lipshitz constant. In our case F() = T(At) and Q=N-1. This statement allows to minimize
T(At)

the function using known mathematical methods for Lipshitz fuctions.

3. Numerical results: comparing of secure and regular constellations

So as to estimate the possibilities of regular constellations it seems to be expedient to
compare them with secure systems considered up to the recent time as most preferable for periodic
coverage. Equal comparison conditions can be provided by analyzing one-trace alternatives of

regular and secure constellations (AI‘tr - O).
It is easy to see that in the one-trace disposition case secure constellations are a small subset
of wide class of regular constellations at max where “mx — one satellite revisit time for

the Earth surface specific region. As it was mentioned before secure constellation provides revisit
time N =At (hereinafter for convenience number N of satellites in the constellation is added as an

index to the notation of revisit time “N for N-satellite system).
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Fig. 2: Periodicities of coverage of Earth latitude belt @, ... 70° for secure (Thex /N ) and optimum regular

(7 ) constellations versus @y, for the satellite swath 77=2790 km.

According to [27-37] it can be concluded that the revisit time “N for optimum regular

constellations is always reached on the secure constellations set, and it is TN = A= T/ N.

Numerical analysis presented below yields that it is really true but in some cases only. Furthermore,

application of optimum alternatives of regular constellations in comparison with secure

constellations can provide exceptionally large benefit, i.e. value “mex IN-7y.

N ={2,3.4,5}

Example to consider are constellations of satellites. The said constellations

are formed on geosynchronous orbits with repetition factor m/n= 29/2 and inclination i=96°
(altitude H= 731 km).

Figs. 2-4 show periodicity (revisit time) magnitudes for coverage of Earth latitude belt

0 *
(¢m“ 70 ) for secure (anax /N ) and optimum regular (TN ) constellations under said restrictions,

versus lower limit Pmin of latitude belt for the following values of the satellite swath T1=2790,
2500, 2000 km.
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Fig. 3: Periodicities of coverage of Earth latitude belt @, ... 70° for secure (Thex /N ) and optimum regular

(7 ) constellations versus @y, for the satellite swath 77=2500 km.

/N

*
Value of revisit time benefit “mex N using optimum regular constellations for various

values of #min in the said figures is defined by the value of shaded range of the line being normal

to the abscissa axis at the @min point.
Figs. 2-4 show that due to using of optimum regular constellations under the above

restrictions the revisit time benefit value can reach 5 hours for two-satellite constellations, and 1

hour — for three-, four-, and five-satellite constellations comparing with secure constellations.
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Fig. 4. Periodicities of coverage of Earth latitude belt @p;p, ... 70° for secure (Thex /N ) and optimum regular

*
(7 ) constellations versus @y, for the satellite swath 77=2000 km.

The mentioned revisit time benefit values are not maximum possible. At other initial data,
they can reach even bigger magnitudes. So, for example, the author has revealed some alternatives
when, other things being equal, two-satellite optimum regular system provides lower revisit time

value than the four-satellite secure constellation.

4. Analysis of limiting possibilities of regular satellite systems

The analysis presented above was aimed to reveal the fact of actual preferability of regular
constellations as compared with secure constellations. In order to provide equal conditions for
comparing the possibilities of two classes, an assumption was used that the satellites move along
the same trace (“one-route” motion). As for secure constellations, the increase of the number of
routes cannot be used to reduce coverage periodicity, but for regular constellations this factor is an
additional source for enhancing the orbital structure quality. Regular constellations are in this case
difficult to be analyzed due to the lack of analogs.

Therewith, the evaluation of limiting possibilities of regular constellations has another, more
important, aspect. As it appears from the regular constellation’s definition, their extreme

modifications cannot pretend on being absolutely optimal because all regular systems meet only the

12



condition of local optimality. With this, the question arises how close are such modifications to

absolute optimum.

TeiTRri T ps

So, it is expediently to compare three values of periodicity: corresponding to the

best orbital structures, within the following areas:
1) area G of secure constellations (7 )
2) area R of regular constellations (TR )

3) area A of arbitrary constellations (7).
In the first case, optimization is provided by the method described in [28, 31, 37], in the

second and third cases the methods presented in the framework of the route theory are used [41].

It is clear that G € R< A Thus, in general case T6>TR-T4 can not to coincide. At the
same time, particular cases when G and "R, and “Rand ‘4 or even all three values coincide

cannot be excluded. All these situations are really available for TG:TR- T4 gt various initial data:
TG STR STA. (8)
Therewith, in order to determine significance of regular constellations in the practice of

ballistic design of the systems of periodical coverage it is desirable to evaluate maximal distinctions

between the values of “G and ‘%’ TR and 4.

This evaluation was not so detailed as the research of the regular constellation extreme
modifications presented above owing to high labour input needed to find optimal orbital structure.
As aresult, a series of 500 versions of initial data corresponding with one-day and two-day orbits at
N=3 satellites in the system, was analyzed (version with N=2 was not considered because an
extremal two-satellite regular system is always absolutely optimal one). Present research led to the
following conclusion.

It proved to be that the advantage of extremal versions of regular orbital structures over the
guaranteed ones is characterized as follows:

1:36<tp:75<1:1,

9)
and the analogous advantage of absolutely optimal orbital structures over the regular ones is

characterized as follows:

1:12<t5:7,4<1:1. (10)

It is necessary to add that the distinctions in %G and "R values took place in the great
majorities of cases. It would not be correct to give some magnitude because the coincidence of

13



these two values can be to a great extent foreseen a prioril). Lack of coincidences of TR and 4
occurred very seldom (in about 5% of cases), and sometimes they could be eliminated by the

accuracy rise of the extremal system calculation.

5. Parameters characterizing periodic coverage geometry and their functional
interrelation
Revisit time calculated under the assumption that the satellite swath value is fixed is a

traditional criterion of the satellite constellation quality for periodic coverage. But in many
important applications the value of revisit time could be a priori given on the basis of specific
requirements to the satellite constellation. There is a chance in this case to reduce additionally the
observations cost in terms of minimized satellite swath. This problem is discussed below.

Let’s introduce the parameters characterizing the geometry of the Earth surface coverage by

the satellite swath at periodical coverage, and obtain the interrelations of these parameters.

It will be assumed that the observation region is the Earth latitudinal belt R bounded by

parallels R, in latitudes @ = Pmin and ? = Pmax-

R :UR(p’ pe [@min#’max]-
v (15)

With allowance for (1), the restriction is applied on the satellite orbit inclination ¥
i + 8> oy, ig =min(i, 7 —i),
Pm = max(komin" ‘(Dmax‘)_ (16)

Here P is the angular width of the satellite swath corresponding to the linear swath width

11 = ZREIB, RE is the Earth mean radius.

: : R, . i [
Let’s consider the coverage of fixed parallel ' in latitude ? . In case of M <l every

satellite crosses twice within one circuit the parallel on latitude % - on the circuit ascending part in

point Aj and on its descending part in point Dj (Fig. 5,a). Points Aj and Dj will be called

' In fact, it is not difficult to explain theoretically the coincidences of To and 7p: they have a

tendency to occur in situations being trivial enough, when the satellite swath width corresponds to small
repetition factors of the area under observation by a single satellite within the period of the trace repetition,
and they always occur at a single coverage. In the mentioned cases, when the coverages of single satellites
are not great in number and simple in structure, the optimum has to be reached on the multitude of
guaranteed systems.
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ascending and descending latitudinal nodes. Over a period of I'rg the satellite will cross a fixed
R . m . A . m . D 1 N
parallel ¢ in M ascending nodes * } and in M descending nodes ~ 1" Either of the two systems

- {AJ' } D= {Dj }’ j=123,..m is uniform, and distance between neighbouring
AL=2-7/m

of points

points in these systems (of points) is (internodal distance — the distance between

neighbouring points of intersection with equator of the one satellite trace ascending parts within the
repetition period I'tr of this trace).

Union AUD in general case yields an irregular set of points characterized by angular
shifts OR and oL (right and left shifts of the systems of points A and D — see Fig. 5,a). In
substance, shifts OR and oL are minimal angles to turn round a system of points A towards
increasing (5R) and decreasing ((5|—) longitudes of the nodes till it coincides with a system D of

points. Obviously, Og +0 =AL
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Fig.5: Relative displacement on the Earth parallel of the ascending and descending latitudinal nodes (view from the
pole)

5'—, it is convenient to consider angle of turn Ay (turn of the

To evaluate shifts OR and
systems of points A and I:)) that is the difference of longitudes of latitudinal nodes A and Dy,
belonging to any K th-circuit of one satellite. It follows from Fig. 5.,b that 2% =¥em ~ ¥

where ¥BM s the difference of longitudes of points B and M of the orbit crossing with parallel

¢ on non-rotating Earth; YMN' _ rotational displacement (angle of rotation) of the Earth during

the time period of the satellite orbital flight from point B to point M . From the analysis of

spherical triangle ABC (Fig. 5,b) the following expression can be obtained for angle of turn Ay :

AV/I%"(].—E)—Z {arcsm( gng——ﬂ-arcsin(Si_ﬂﬂ. 17
m tgi m sini
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Suppose that G s a selection function of the residual of division, the expressions for R

As it is seen from the expressions given above, shifts OR:OL are functions of M N, i P
Alteration of these parameters depending on latitude ? is of oscillatory nature which is related to

specific values of M N i Dependencies or(@) and o.(p) are shown for example in Fig. 6

for M=1 n=16 i=65" (orhit height H =226 km).

Og, O, degrees

0 20 40 o, degrees
Fig. 6: Dependencies between right and left shifts and the parallel latitude (m=16, n=1, i=65)

Let Rz be a satellite swath on the rotating Earth surface realized for angular width p of

- R .
the satellite swath. Let’s call a length ag (a.) of the circuit part = % covered by R from its

axial line, i.e. from the satellite trace, to its right (left) border, as right-side (left-side) lock-on of

swath R on parallel R¢. Locks-on in ascending and descending latitudinal nodes will be

distinguished by identifying them in case of need, by upper and lower index marks " A"and "D,

A A D _D
respectively: ¥R+ FL» AR O -

. R
It can be shown that owing to the symmetry of parallel % coverage by swath R , the
___A__D __A_ D _
equalities AR=OR =, O =0 AR g right. Sum X =R T AL il be called lock-
R
on of swath Rz on parallel ~ %

The locks-on & | aR, aL are functions of the swath width /7 , latitude ? of covered

parallel %’ as well as inclination ! and repetition factor M/N of the satellite geosynchronous

17



orbit. These locks-on are monotonous functions of the swath width ZZ at fixed parameters M, N
i 9.

a=alll),ag =ag(T), a, =a (I7), (18)
Geometric characteristics considered above are referred to the parallel coverage by a single
satellite swath. As for the system of several satellites, total coverage of the parallel by their swaths

is formed by superposable coverages provided by separate satellites. Relative position of the

coverages of different satellites on any parallel % is characterized unambiguously by specified

L, j=11)N

longitudes of the system satellites traces [41].

By analogy with the Earth continuous observation, a notion of the Earth surface coverage
repetition factor | in the problem of periodical coverage is introduced. Magnitude | will be used to
characterize the coverage of point I' or region R of the Earth (in particular case, of the parallel or
latitudinal belt) created by the swaths of one or several (all) satellites of the system. It will be
understood that | -fold coverage of point I' is provided, if during the time interval I'tg between the

satellites (satellite) traces repetition this point | times finds itself in the instantaneous zones of the

satellites (satellite) coverage, and | -fold coverage of region R is provided, if during the time I'tg

not less than | -fold coverage of every point I' € R is provided. If point I' never comes upon the

instantaneous coverage zones of the satellites (satellite) during the whole period TTR, it should be

said that the coverage uniformity of I' is not provided (or there is no coverage uniformity of r). If
there is even one such point among points I' € R it will be said that the coverage uniformity of R
is not provided (there is no coverage uniformity of region R).

It should be noted that according to the definition of | -fold coverage, the minimal swath

M, [R]

width providing that coverage for latitudinal belt R is connected to the values 1 lR(” J of

. R R
this parameter for separate parallels = % by the formula:

Mm[R]=maxIy|R,} R, eR 19)

So, in order to solve the problem of the latitudinal belt multiple coverage it is enough to do it
R eR _ . . o
for one parallel ¢ . This fact is used from now on. At that, for simplicity sake, a parameter

I s used instead of 11y lR(/)J.
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6. Problem of satellite design for periodic coverage with minimal satellite swath:
general solution and some known particular cases
With allowance for introduced designations, a general solution of the problem of multiple

(I -fold) coverage of the parallel by a single satellite swath for odd (I =2k —1) and even (I = 2k)

cases (k =123, Y is as follows [33].
I =11 [R ]=

k-1)-AL+6 a‘l(m—+5Lj
= max{min {aﬁl(( 5 Rj, : 2 ’

weftdaen) gl

M, =1 [R, |= @Yk - AL),
| =2k .

(21)

1 1 1

Functions being inverse to functions (18) are designated here as ARy 0Ly a

Expressions (20) and (21) allow to define multiple swaths (i.e. minimal swaths providing coverage
of prescribed repetition factor I) for any given factors m/ N values of geosynchronous orbits

inclinations 1 and latitude % .

It follows from the analysis of expression (21) for even coverage that a required swath width
I is in that case maximal for parallels ¢’ located in the lesser (in absolute value) latitude * .

Actually, a linear size of the arc of constant angular value AL decreasing with increasing ‘qp‘ on

each of analysed parallels, is of determining influence on I, : I'=2k,
The known method widely used in the engineering practice — to design the satellite systems

on the basis of assigning the Earth surface non-miss observation swath equal in magnitude to inter-

circuit distance Al (the distance between ascending nodes of the satellite orbit on the equator

(latitude) on two subsequent circuits) in a minimal latitude of the observation region, can serve as

an application example of the abovementioned property of relation 11 (q)) at 1=2,4,6,

? characterizes the swath width measured not perpendicular to the satellite orbit plane (as
it was thought before, see [41]) but along the equator (the parallel in a minimal observation
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latitude). It is easy to see that swath chosen in such a way is the swath of even 2N fold coverage

1
because internodal distance AL is here always equal to A part of inter-circuit distance ALIC. In
a particular case of round-the-clock (N = 1) orbit it will be a 2-fold (I = 2) swath (AL'C EAL)‘

Another way to choose a minimum needed swath is the method [44] including the swath

representation reasoning from repetition factor M/N of the used geosynchronous orbit of the

satellite in accordance with expression

27
o N :AL:E' (23)

Formula (23) is a generalization of (22), and it fully defines the 2-fold swath width in
compliance with the terminology introduced above in the paper.

It can be shown that the observation periodicity 7 of the Earth regions with 2-fold swath is

within the limits * € (TTR /2, Trr ) So, if the 2-fold swaths are used, the chosen swath can turn

out to be unduly high, and periodicity — needlessly low, when it is enough to solve the problem with

periodicity 7=Trg. The right way in this situation is the use of swaths with the odd repetition

factor | and first of all single swaths, i.e. the least swaths providing non-miss observation of the
region with periodicity ° < Trr-
Application of formulas (22) and (23) is based on that the function 1 ((p) decreases

monotonously with growing % for any even repetition factor | width **# of the swath can be
thus prescribed in minimal latitude of the observation region (owing to the symmetry of the Earth

coverage in the Southern and Northern hemispheres it is here and after supposed that the latitude

(0]
changes within the interval 0<p<30 ). Relationship 11 (go) for the odd repetition factor | has

qualitatively another character, with sudden changes, because in this case a relative disposition of

the parallel ascending and descending nodes has additional influence upon 11 value. Physical

essence of such an influence is illustrated in Fig. 3 by means of a single-swath example. The
R : o : e O -
parallel ~ % coverage diagrams are given in Fig. 3 for some ranges of right shift “R variation.
Critical points I' of a single swath, i.e. the mating points of the swaths providing the coverage
continuity, are shown, too. Every range of R alteration corresponds to single (I = 1) coverage

characterized by angular swath width P
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All designations in Fig. 3 are related to a particular case of expression (20) — swath width

pr= Hl/(z RE) of single (I = 1) coverage in angular measurement:

4, = mex|min (0, 5@), min (52, 59), (24)

where
ﬂ(l) = ag'(6r/2),
ﬂ(z) =a'(6,/2)

This implies that in general case function H'(¢)’ iS not monotonous at single (I :1)

coverage (and also at any other coverage with the odd repetition factor | , as can be shown), and can

have several local extremes. Local maxima H'((p) are thus reached in latitudes where a pair of
*

ascending and a pair of descending latitudinal nodes mate simultaneously in critical points r (that

0

ot
is case “c” in Fig. 3, and right shift is here “R — R ). Local minima are reached in latitudes where

there are not one (as in all other cases) but two “equivalent” critical points ' of mating ascending

"

and descending nodes (that is case “e”, Or = OR ) on each interval of length AL . It is interesting

Or =OR at AL

to note that shift = OR corresponds to full coincidence of ascending and

5R _ 5RH

descending nodes, and shift corresponds to a uniform distribution of all latitudinal

<
L =0OR , and ﬂl possesses one of

nodes along the parallel. Diagrams in Fig. 7 are represented for
(1) 5@2) 3
three values BB It can be shown that at #R sa the picture of the parallel coverage

(3) (4)
will be analogous, and instead of p will “work” p in formula (24).
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Fig. 7: Typical diagrams for single coverage of the parallel depending on relative disposition of the systems of
ascending and descending nodes:

a) 0g =00 =AL), f1 = O (B = p); b) 0<p <g, fr =%,
¢) 0r =0, pr =B = p?; d) Og <Jg <dg. b =B?;
€) Og = 5IF;’ sl :ﬂ(z) :,3(1)

It follows from above that the width of the parallel non-miss observation can be reduced by
means of modification of relative position of ascending and descending latitudinal nodes. It is easy
to make sure that in such a way the swath width of non-miss observation of large latitudinal belts
can be decreased. Really, it can be obtained from the analysis of the plots 1 ((D) in Fig. 8 that
maximal swath for the odd (I =2k _1)-fold coverage can be less than analogous swath of even
(I :2k)-fold repetition for some latitudinal belts (k :12’31---). For example, such latitude

10°..65° . m=15n=1, i=65°

interval is for (Fig. 8,b).
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Fig. 8. Plots of the swath width /7, for I-fold coverage of the parallel against its latitude ¢ for

different values | = {1,2 ,3,4} and parameters of the satellite orbit:
a—m=15, n=1, i=65°
b—m=16, n=1, i=65°

Several special methods to design the satellite constellations with minimum swath width for
non-miss coverage of the Earth latitudinal belts, are considered below. All these methods are based

on the consideration of relative dispositions of the ascending and descending nodes on the parallels.

7. Method of satellite design for latitude belt coverage with minimal swath on basis
of optimization of orbit altitude and inclination [45]

Alteration of the ascending and descending nodes relative position will be considered over
the range Pe [O’%]’ @ =min(i, 7 —1) of latitudes covered by the swath of a single satellite
moving in the orbit with inclination I For that, the values of right shift OR will be calculated as a
function of latitude % on the equator ((/’ - 0) and on the maximal latitude ¢ = %i-

From (3) at (020, angle of turn is Ay = ”[(m_n)/ n]' With allowance for that, right

shift OR is as follows:
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AL 22
m

m-n
Ay = AL,
V=

Ay

Sp=Ay —AL-E| =2 |=
R 4 (AL)

=AL'{m_n—E(m_nﬂ. (25)
2 2

It results from (25) that if difference (M—N) is an even number

(m—n:Zk,k =123, %), than the systems of latitudinal nodes A and D on the equator

coincide:

o (23]
2 2 (26)

=AL-[k—E(k)]=0.

If difference (M—N) is an odd number (M—N=2K-1 k=1,2,3, ), than all
ascending and descending latitudinal nodes are located on the equator uniformly:

Sg = AL - 2k+1—E(2k+l) — AL- k+1—E(k+1j = AL
2 2 2 2)|” ==

(27)

At P= ¢ = <7r/21 angle of turn Ay =0, \\herefrom at any M 1N the right shift

R =0- Similarly, it will be obtained at =P =7 L 1>/ 2 o Fp=db. g4 4y 4

maximal latitude ? = i the ascending and descending latitudinal nodes always coincide.

The obtained conditions define the right shift values 5R(¢’) on the latitude range

o

Pe [O’(pi] borders. The right shift “R alteration as well as the left shift o =4AL-9, alteration

within this range are in general case of oscillatory character depending on specific values M, N i
(see Fig. 6). The non-miss coverage swath of any parallel will be determined by maximal distance
max(5R ’5|-) between the latitudinal nodes. That is why the most economical coverage of the
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equator is realized at moving of the satellite on geosynchronous orbits with the odd difference
(M=) providing a uniform distribution of the nodes on the equator. In this case, for a non-miss

coverage of the equator
11, =AL/2=7x12. (28)
In order to provide swath (28) non-miss coverage of not only the equator but also any other

Rgp’(DE[O’gDi]’ V

parallel it is necessary vector V of the subsatellite point displacement rate in any

equatorial node be in the meridian plane. Displacement rate V' of the subsatellite point relative to
the Earth is a resulting vector of absolute velocity VA due to the satellite motion along the orbit and

of transportation velocity VE caused by the Earth rotation (Fig. 9). Inclination i conditioning the

velocity V' direction being strictly at a tangent to the meridian is defined by the expression

i =arccos(Ve /vy ), (29)

where YA VE are the values of respective vectors VarVE > defined as
27R 27R
VA = E y VE = E ’ (30)
Tor EF

It will be obtained after substitution of (16) into (15) and transformation:

i” =arccos(n/m). (31)

<l
<l

Equator
4 Ve :

Fig. 9. To the evaluation of inclination (31)

Relationship (31) for the range of altitude 200...4000 km is represented in Fig. 10. It is

supposed that the plot is not an uninterrupted line but consists of discrete points corresponding to

rational numbers M/ N on the abscissa axis.
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Fig. 10. Dependence of inclination (31) on the geosynchronous orbit repetition factor

Thus, the satellite moving along geosynchronous orbit with repetition factor m/n, odd
difference M—N and having inclination (31) provides the most efficient coverage of the Earth
surface — it is enough to have for that the swath of width (28). The physical essence of the resulting
coverage efficiency can be illustrated in Fig. 11 similar to Fig. 8 and differing by that the inclination

defined by formula (31) is used in the figure. It can be seen from these two figures comparison that

spasmodic graphs 11 (qo) represented in Fig. 8 for I=1gngi= 650, become straight in Fig. 11 at

inclination (31). When difference of the orbit parameters M and N is an odd number, then maximal

value I, (go - O) for repetition factor I =1 becomes sufficiently less than the analogous value for

repetition factor I'=2 it should be noted that the same conclusion would hold with respect to

maximal value of 11 (¢ - O), and also at the comparison of repetition factors of higher order - the

case | =3 and 1 =4 is analysed in detail below.
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Fig. 11. Plots of the swath width 77, for | -fold coverage of the parallel against its latitude ¢ for

different values | = {1,2 ,3,4} and parameters of the satellite orbit:
a—m=15 n=I; i=arccos(]/]5):86,20
b—m=16, n=1; i=arccos(1/]6)=86,40

To compare the efficiency of this method of the orbit formation with traditional method

0..70°

described by expression (23), the observation of the latitude belt by means of a single

satellite moving on geosynchronous orbit with repetition factor m/n=16/1 (with the odd

difference m_n:16_1), will be considered. Taking after traditional approach, inclination

: _ =n0
1 =70, can be proposed for the region observation, and the swath width is chosen in accordance

with (23) for a double swath. The method under consideration supposes the use of inclination

H ~ 0
|_arccos(16/ 1)~86’4’ swath corresponds to the single one. The dependencies between

I\ax =max 17, (p), 9 €[0,0] .
¢ and inclination ! for traditional (I = 2) and proposed (I :1)

methods allowing to choose the swath 11 are presented in Fig. 12. It is seen that in the first case

17 A i=70° B i=86°4

is 2410 km (point ", ), and in the second case — 1250 km (point — , ). So,

the proposed method permits to reduce the necessary swath of the satellite by a factor of
2410/ 1250 = 1,9
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Fig. 12: Relationships between ]7| max Vvalue and inclination for traditional (| = 2) and proposed (| = 1) methods
to choose the swath width

Observation by one satellite connected with large time breaks was considered above. The
placement of a big number of satellites on one circuit under the same conditions allows to apply
directly the proposed method for designing the satellite systems for observation with small
periodicities.

8. Method of satellite design for low-cost multiple coverage using optimal altitude
and inclination [46]
The coverage repetition increase is one of the ways to rise the observation periodicity. So, it

is important to find the methods to minimise the swaths for multiple coverages. Let’s appeal with
this end in view to Fig. 9 showing the arrangement of ascending and descending latitudinal nodes
on the equator at the odd difference M—N of parameters M, N of the geosynchronous orbit. It is

seen in this figure that one latitudinal node (ascending or descending) occurs in the satellite swath
of width 7/ M within the period T'1g of the trace repetition, two nodes (ascending and descending)
occur in the swath of width 272/ m , three nodes — in the swath of width 3r/m , etc. The number of

the nodes falling into the swath of nodes corresponds actually to the number of observation sessions

of the arbitrary equator point during time I1r, i.e. to the repetition factor | of the equator
coverage. The choice of inclination according to (31) provides the repetition factor value being not

less than that for the equator.

B

p-2

Fig. 13: Relative position of ascending and descending equatorial nodes at an odd difference (M — N) of parameters
M, N of the satellite geosynchronous orbit

28



Thus, the conclusion can be made that in order to obtain the | -fold observation of the Earth
surface by the satellite during the period of its trace repetition it is enough to provide under

prescribed conditions the swath width of

I, = ”%n. (32)

The particular case of expression (32) at I'=1 results in (14). At even repetition factors

=2k k=12,.. expression (32) is reduced to (23). The cases of odd repetition factor numbers

I=2k+1,k=1,2,.

"* give new ways to provide the Earth coverage. Let’s analyse them.

Suppose the need to provide a single satellite observation of the Earth latitudinal belt

0...65° with periodicity not more than 24 hours and, if possible, lesser width of the satellite swath.

Have also the restrictions for altitude H and inclination 1 of the satellite orbit defined by the

following ranges of these parameters alterations often used in the practice: H =600..800 km,

N o) 0 i
1=65".90". Fig. 14 illustrates the dependencies H'ma"(l)’ similar to those in Fig.8 but

calculated for various repetition factors | of the coverage and for different parameters m/ n

corresponding to the (N =1)-, (N=2). and (N =3)- orbits from the altitude range 500...900 km.
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Fig. 14. Plots ITax (i ), at different repetition factors | of the coverage of geosynchronous orbits

with altitudes 500...900 km during one - (a — n=1), two- (b — n=2) or three (c — n=3) efficient
astronomical days
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The relationships between altitudes and inclinations of the analysed orbits are shown in
Fig. 11.

H, km
900+

800

700+

600

50 70 90 i, deg
Fig. 15. Graph of altitudes for geosynchronous orbits within the altitude range 500...900 km of one-,
two- and three astronomical days, versus inclination

It is clear that points A B, C in Fig. 14 are related to the realisation of the method
presented in section 7. Only one of these point meets at that the requirements for periodicity

~2

(periodicity in point AT~1 astronomical day, in point B_7 astronomical days, in point C

_ T3 astronomical days). However, this point proved to be out off the acceptable range of

altitude, namely 600...800 km. Only the realisations of a single-satellite observation corresponding

to parts DE DE, FG, FG', HJ in Fig. 14 meets fully all the demands in altitude and

periodicity. Each of these parts corresponds to analogous (designations without primed symbols)
parts DE | FG HJ in Fig. 15.

Parts D'E', FG', HJ in Fig. 14 conform to the methods of the swath width choice

considered above. The lowest swath width under the prescribed restricting conditions is for these

~ 2500

methods km. As it can be seen the gain in the swath size due to the use of the method

(2500 —2000) -100%/ 2500 = 20%.

under consideration is The example of the realisation
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method being proposed can be easily modified in the context of other initial data including multi-

satellite systems.

9. Method of multi-satellite network design for low-cost multiple coverage using
optimal altitude and inclination [47]
In use of the orbits with optimal altitude and inclination in accordance with section 7, a

possibility appears to lower the needed swath for latitudinal belt 0.4, still more while applying

additional N —1 satellites in the orbital group. For instance, if the traces of all N satellites within

internodal interval AL (in particular case, within inter-circuit interval ), the next

generalisation can be obtained as N -route satellite system. It can be shown that in this case the

choice of the repletion factor will be realised under condition N(m-n)=2k-1

k=123,. =7/(mN)

"), and the swath will be defined by expression H<” , generalising

(
formula (14). In the event, such placement of the satellite traces does not always give the most
economical advantage. The more efficient method for the satellite traces disposition in order of the

swath minimisation will be examined below.

Traditional methods of the satellites N traces relative placement are reduced to their

uniform distribution (with longitudinal spacing ALTR) within internodal interval AL (in particular

case within inter-circuit interval AL ), and to the choice of the satellite swath width =~ ¢ equal to

M, = Al =AL7 = Z%N . (33)

Under the conditions of optimal choice of the altitude and inclination according to the
above, when each interval between adjacent like nodes on the equator is divided in two equal parts
by the node of another type, the placement of another satellite with longitudinal spacing (33) will
not lead to the needed swath width reduction because all latitudinal nodes of the second satellite

will in this case coincide accurately with those of the first satellite.

It can be shown that the most efficient use of the locks-on of all available N satellites

swaths with the aim to their value in need consists in the providing of uniform distribution along the
equator of the set of latitudinal nodes of all N satellites that allows to reduce the observation swath

proportionally to number N Such uniform displacement is possible to be gained by placing the N

satellites traces with longitudinal shift (Fig. 16)
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Fig. 16: Optimal relative arrangement of ascending and descending equatorial latitudinal nodes for two (a), three (b),
and four satellites

The swath width is obtained by generalization of (32)
-l
I, = /T]N . (35)

Comparison of expressions (35) and (32) attests directly the method efficiency in
minimization of the swath width.

10.General method of multi-satellite network design for low-cost coverage [48]
-1 -1
Note that #R (A) u %L (A) characterise the satellite swath width (measured along the
parallel) necessary for the parallel arc A covering accordingly on the right and on the left from the

parallel intersection point by the satellite trace. Write symbols ﬂR(A) " ﬂL(A)‘ for them.

Expression (10) assumes in the new notations the form:

By = mex{min[B:(A,), B (A;))

min [B, (A3), B (A )]} o
where
Ay =012,
Ay =(AL+6.)] 2,
Ay =012,

Ay = (AL +55)1 2.
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Maximal value of (36) obtained for separate parallels in latitudes ? has to be taken to

provide the coverage of not a single parallel but latitudinal belt Pmin- - Pmax

Hypex = mxnl((")’ Qe [(Dmin 1 Prax ]
4 (37)

Maximum (37) can be reached in any latitude p=¢ E[(Pmin,(Pmax]- One of the

*

parameters Pr (Al )’ AL (AZ )’ AL (A3 )' Pr (A4 )’ calculated for latitude #? will correspond (and

be equal) to the width value of the non-miss coverage swath for the whole latitudinal belt. One of

the parts A, 4, A or 4 (let’s denote it 4 ) related to this maximal value is critical — the largest

swath is required to cover it.

Thereby, for decreasing the needed swath of the latitudinall belt [q’min ’¢max] owing to the

use of not one but several satellites in proportion to their total number N it seems to be expedient

to place the satellite traces with longitudinal spacing.

It is seen from the comparison of (38) with analogous expression (33) and with allowance

for X <4L/2, that the method under consideration provides in general case a more effective

coverage of the Earth surface. It can be shown that the gain obtained in the swath width depending

on requested parameters H, | of the orbits (as well as of the observation latitudinal belt) varies
from the values corresponding to such an optimal request (see section 5) to zero (there is no gain at

11. HekoTOopble 3aKOHOMEPHOCTH ONITUMAJIbHBIX PelleHn i

[IpuknanHoe 3HaUY€HHWE MAPIIPYTHON TEOPUHM ONTHUMM3AIMKA HE OTPAHUYUBAETCS PEIICHUEM
KJIACCHYECKOH 3a/auu mepuoandeckoro oo3opa. Ee Oornee BaxkHasi poib COCTOUT B TOM, YTO OHA
npeJiaraeT HOBYIO MapaJurMy MBIMUICHHS TIPH aHAJIM3e B3aUMOBIUSHUS 00Jiee MUPOKOro Habopa
MPOEKTHO-0aNIMCTUYECKUX XAPAaKTEPUCTUK CIIyTHUKOBBIX CHCTEM MEPUOAMYECKOTO 0030pa.
OngauM w3 crmocoOOB TAaKOTO aHaiau3a SIBISETCS PACCMOTPEHHE TaK Ha3bIBAEMBIX YPOBEHHBIX
MOBEPXHOCTEH TEPUOAMYHOCTH 0030pa — TOBEPXHOCTEM B MPOCTPAHCTBE TMapaMeTpOB
«IEPUOUIHOCTH 0030pa — BBICOTA OPOUT — MIMPHUHA MOJOC 0030pa CITyTHUKOBY. JleCTBUTENBHO,

Ha HepBBIﬁ B3IJIAa MOXET IMOKA3aTbCA, YTO, OIrpaHUYMBAACHE aHAJIM30M I'COCUHXPOHHBIX Op6I/IT, MbI
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HE MOXEM «YBUIETb», YTO MPOUCXOIUT B IMPOCTPAHCTBE MAPAMETPOB, BKIKOYAOLIEM BBICOTY.
Bwmecre ¢ Tem, u 311€Ch IpeaiiaraeMblii MOAXO0/ OKa3bIBAaETCA KpaiiHe mnoje3HbiM. [lokaxkem 31o0.

Ha puc. 17 noxazan ¢QparMeHT YpOBEHHOH NOBEPXHOCTH MEPHOAUYHOCTH 0030pa
0..70° et
mupoTHOro mosca U... JUISL TIPOCTEHIIe CHUCTeMBbl M3 OJHOTO CITyTHHKA, IBUIKYILErocs IO

opbute ¢ HaknoHeHueM I = 83 ?. MOKHO II0Ka3aTh, 49TO JHOGbIE OMBITKA HOJIyYUTh aHAJIOTMYHYIO
YPOBEHHYIO IOBEPXHOCTh [uId cucteMbl W3 N>1 chnyTHUKOB B pamKax Jy4yIlIUX H3BECTHBIX
(rapaHTHPOBAHHBIX) OPOUTAIBHBIX CTPYKTYp OKOHYATCS HEyJladyel B CBSI3U C TE€M, YTO YPOBEHHbBIE
JIMHUM JUTS Pa3JIMYHBIX COCEAHUX KpaTHocTedr M/n (ceuenuit H=const) He OymyT “cThikoBaThCs”
MEXy coO0oi. boiee Toro, B 3TOM ciiydae ypOBEHHBIC JIMHUU B CKOJIb YTOJTHO OJIM3KUX CEUCHHMSIX

H, =const  H, = const
n MOTYT CTOJIb CUJIBHO OTJIMYATbCA, YTO 3TO BBIZBIBACT OIPCACIICHHBLIC

COMHEHHS B KOPPEKTHOCTH HCIOJb3YEMbIX METOJOB ONTHUMH3ALMHU (B KJIacce rapaHTHUPOBAHHBIX
OpOUTaIBHBIX CTPYKTYp). IMEHHO naHHOE 0OCTOATENLCTBO B CBOE BpEMs HABEJIO aBTOpPA HA MBICIb
O CYIIECTBOBaHMM OoJiee Jy4IIUX CTPYKTYp YE€M TapaHTUPOBaHHbIC, KAaKOBBIMU M SBUJIUCH
perymispasie CC.

Ha puc. 18 n3zo0pakeHa ypoBeHHas IOBEPXHOCTh, aHAJIOTHYHAS ITOKa3aHHOW Ha puc. 17, HO
NOJydeHHas Ui onTuMainbHou perynsipaoit CC ¢ yncnennsiM coctaBoM N=2. CpaBuenwue puc. 17
u 18 mo3BosseT 3aKIYUTh, YTO JaHHBIC YPOBEHHBIE MOBEPXHOCTH CXOXH IO CBOEMY OOLIeMy
BHEIIHEMY BMJy. MOXHO IOKa3aTh, 4TO Takas IMOBTOPSIEMOCTb B OCHOBHBIX CBOMX Y€pTax
COXpaHsieTcs M JUIsl YPOBEHHBIX MOBEPXHOCTEW MepuoanyHocTH 0030pa ¢ nomoiibio CC mobdoro
yrciaeHHoro coctaBa N>2. JlaHHOE OOCTOSTENBCTBO aBTOP CUMTAET BAKHBIM JIOTIOJHUTEIHEHBIM
apryMeHTOM B MOJb3y TOro, uto 3kcrpemanbHble PCC OaM3KM MO CBOMM XapaKTEpUCTHKaM K
abCOJIIOTHO ONTHUMANbHBIM, MOCKOJIBKY TOJBKO MNPH YCIOBHUM MX MCIIOJIB30BAaHUS Mbl HMEEM
(¢u3NYeCKNn TMOHATHBIM, E€CTECTBEHHBIM 00pa3oM YyKJIAJbIBAIOIIMICS Ha IIKale BBICOT PN
OTJIENbHBIX YPOBEHHBIX JIMHUNA NEPUOAUYHOCTH.

OcrtaHoBuMcsl MoApoOHEe Ha BOIPOCE, KaKWe OCOOEHHOCTH TMPHUCYIIH BCEM ATHM
MIOBEPXHOCTSIM.

W3 puc. 17, 18 BuaHO, 4TO ypOBEHHAasl MOBEPXHOCTh MEPUOJUYHOCTH BCETAa pa3phbIBHA,
IIPUYEM OTJEIBHBIE €€ “KYCKM MOYTH MapaJljIesIbHbI INIOCKOCTH “TIOJ0CAa—BBICOTA” M HAXOIATCS Ha

YPOBHSAX HEKOTOPHIX HepHOJMYHOCTEH

MPUOIM3UTENIEHO KPATHBIX TIOJOBUHE CYTOK JUIsI
OJIHOCIIYTHUKOBOTO HabmogeHuss (cM. puc. 17), dYeTBepTH CYTOK ISl JBYXCIYTHUKOBOI'O
HaOmroneHust (cMm. puc. 18) u, xak MoxHO moka3ath, 1/2N wactu cyrok it N—CrmyTHUKOBOTO

HaOIoIeHus B 00IIIeM cyJae.
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B HampaBieHMM YMEHBIICHUS INEPUOAMYHOCTH © (yBenwdeHus wmmpuHbl [1 mosoc)
YPOBEHHAsl TIOBEPXHOCTh OTpaHUYEHA 3HAUYCHUAMH I, COOTBETCTBYIOMIMMU HYJIEBOMY (3aJaHHOMY
MHHUMAJILHOMY) YIJIy MECTa CIHYTHHKAa OTHOCHUTEJIBHO IIOCKOCTH MECTHOTO TOPHU30HTA OOBEKTOB
HaOmronenus. (OHM HaxoAATCs 3a npeaenamu puc. 17, 18, cnpasa ot HEX.)

B HampaBieHMH yBeIMYCHUs NEPUOJMYHOCTH ¢ 0030pa (ymeHblueHus 1) B Kaxaom
CCUCHHUH

m/n=const (39)
YPOBCHHAA MOBCPXHOCTH OrpaHMYCHA HCKOTOPLIM NPCACIIBHBIM 3HAYCHUCM BCIIMYUHBI 7

3aBUCSIIMM OT IEPHOJIa MOBTOPsAeMOCTH ¥ Tpacchl CIyTHHKA HA TEOCUHXPOHHOMN OpOUTE TaHHOU
kparHoctd M/n. OgHako, B JIIOOOM XOTh CKOJBKO-HHOYb MPOJOJIKMTEIHHOM JHANa30HE BBICOT

YpOBC€HHAs NOBEPXHOCTb B paCCMATPHUBACMOM HAIIPABJICHUU CTAHOBUTCSA OECKOHEYHOIA.
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[1=298 H=1061 (m/n=27/2)

Puc.17. YpoBeHHast TOBEPXHOCTH MEPUOINIHOCTH 0030pa I OAMHOYHOTO CITyTHUKA B
nuana3zoHe BeICOT 4035... 1061 xM py HAKJIOHEHUH i=85"u IIUPOTHOM Tiosice Habmonenus (... 70°.

JlaHHbIN QakT ABISETCS CIEACTBUEM OOCYXKIABIIEWCS BBIIIE BO3MOXHOCTU CKOJIb YTOJHO
OOJBIIOrO TMOBBIMIEHUSI JUCKPETHOCTH MHOXKECTBA T'€OCHHXPOHHBIX OpOHUT, MMEIOIIUXCS B

(I)I/IKCI/IpOBaHHOM JAUAIa30He BBICOT, IYTEM YBCIMYCHHS 4ucCiaa N B(I)(I)CKTI/IBHBIX CYTOK B MIEpHUOAC
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IIOBTOPSIEMOCTH TpacC CIIyTHUKOB. B mpenene ¢ yBenudeHueMm N «HyleBoW» wmupuHe II mosocer

COOTBETCTBYET NEPHOANIHOCTE 0030pa ¢ —> %°- Ha puc. 4 ypoBeHHas IIOBEPXHOCTh IPEACTABIIEHA

JI0 BEJINYUHBI T~ 60 4, Ha puC. 5 — T~ 30y, [IpepbIBUCTHIMU JTUHUSMH HAa OOOMX PHUCYHKAX
[OKa3aHbl IHHUK PaBHBIX KpaTtHOCTEeH m/n, n=1,2,3,4.

VMeHbIlleHHe TEPUOAMYHOCTH ¢ B JoboMm cedenuu (11) ¢ yBenwueHuweMm mupuHbl 11

o(17)

MIOJIOCHI TTPOUCXOJIUT CKAYKO00Opa3Ho, T.e. PYHKIUSI 3[1ECh MPETEPIICBACT Pa3phIBBI IEPBOTO
pona. B HEKOTOPBIX ciy4asx MOAOOHBIC CKAYKH B TIEPUOJAUYHOCTH MMEIOT MANyI0 BEIMYUHY H, C
1IEJIBI0 YIPOIIECHUS OYCHb CIIOKHOM (JOPMBI YPOBEHHOM TOBEPXHOCTH, HE OTpakeHbI Ha puc. 17, 18.

B ﬂeﬁCTBHTCHbHOCTH Ha YKa3aHHBIX YPOBHIAX NEPUOANYHOCTU HAXOIATCA HE OAUHOYHBIC “KYCKI/I”,

a TPYIIBI TaKUX "KYCKOB'", pacIlOJIOKEHHBIX Y€pe3 COOTBETCTBYIOIMINE “OTCTYIBI TIO0 BETUYHHE 3
3aMeTHM, KCTaTH, YTO B T€X JOCTATOYHO HEUYACTHIX CIy4asX, KOrja aOCOJIIOTHO ONTHUMAaJbHBIC
CTPYKTYPbI IPEBOCXOAT 110 IepuoanyHocTH peryisipusie CC, 3T0 BbIpakaeTcs B JONOJIHUTEILHOM
JIpoOJIeHNN yKa3aHHOW IPYyMIbl “KYCKOB” YPOBEHHOW MOBEPXHOCTH.

Kaxnpiii “kycok” peanbHOM YpOBEHHON MOBEPXHOCTH HE CTPOro MapajuliesieH IMJIOCKOCTH
“moJyioca—BBICOTA”, @ HECKOJIBKO HAKJIIOHEH K HEW 1MOJ] HEOONBIIMMHU YTIaMU TaKUM O0pa3oM, 4TO
NepUOAUYHOCTh 0030pa BoO3pacTaeT ¢ yBenuueHueM BbicoThl H mpu  Il=const u ocraercs
MOCTOSIHHOW ¢ u3MeHeHueM ImmmpuHbl [I mpu H=const. Takoii HakiIOH “KycKOB” YpPOBEHHOI
MOBEPXHOCTU OOBACHSETCA TEM, UTO, KaK MOXHO IOKa3aTh, Pa3IMYHBIM TOYKaM JIFOOOTO TaKoro
“KycKka” COOTBETCTBYIOT OJHOTHUIIHBIE IO CTPYKTYypE€ ONTUMAJIbHBIE MOCIIEI0BATEIILHOCTH CEaHCOB
HaOmrofeHus1 (MOTOKM HAOJIO/IEHU), KOTOpPhIE M OMPENENSIOT HauOOJBIINNA, B TOM WJIH HHOM

CMBICJIE, BO3MOYHBIN TEPEPHIB (T.€. MEPHOANIHOCTh ¢ 0030pa 3aJaHHOTO paiioHa). YucmoBoe ke

BBIPAXKCHUC JOTOIr'0 MAKCHUMAJIBHOI'O TICPEpbiBA 3aBUCHUT OT APAKOHUYCCKOI'0 IICpUOoJa dr

H, H,

06pameH1/1$1 CIIYTHUKAa TaKUM O6p2130M, qTO0 AJid  JABYX Ppa3JIMYHBIX BBICOT C

Td rl ’Td r2 71,7
JPaKOHMYECKUMHU  TIEPHOIAMH 3HAYEHUS HEPHOTMUYHOCTH COOTHOCATCSA B

7 T = Ty Tyras

COOTBCTCTBUH C BBIPAKCHUCM 4TO U IpCAONPCACIIACT YKA3aHHOC M3MCHCHUC

MEePUOJUYHOCTH JJIsl TOUEK KaXA0ro “Kycka’.
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7,4

5001, km /

2590

|
n=298/ H=1061 (m/n=27/2)

Puc.18. YpoBeHHas NOBEPXHOCTh MEPHUOJMYHOCTH 0030pa il ONITUMAaIbHON
JIBYXCITYyTHHUKOBOM CHCTEMBI B ana3oHe BbICOT 405 ... 1061 KM Ipy HAKIIOHEHUH i=85%u
0
MIUPOTHOM Tosice HabmoaeHus ... 70"

JIeNCTBATENBHO, B CBETE CKAa3aHHOIO IMOHATHO, YTO KaXKIOM TOYKE “KycKa’ YpOBEHHOU
nosepxHoctu mpu N=1 (cMm. puc. 17) COOTBETCTBYET CTPOro ONpEACTICHHbIN MOTOK HAOIIOICHUI

KpHTH‘-ICCKOﬁ TOYKHU Ha6J1IOIlaeMOFO paﬁOHa, IMMOCKOJIBKY TaKOH TOUKe COOTBCTCTBYCT U
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€IMHCTBEHHO OIpE/eICHHAs OJHOCIIYTHUKOBAas OpOuTalbHas «CTpyKTypa». Bwmecre c¢ Tem,
curyauus npu N>1 u, B yactnoctu, mpu N=2 (cMm. puc. 18) BBIIISAUT HECKOIBKO WHAUE: KAXKIOU
TOYKEe “Kycka’ YpPOBEHHOW MOBEPXHOCTU COOTBETCTBYIOT OJHOTUIIHBIC ONTHUMAJIbHBIE IMOTOKH
HAOJIO/IEHUsI KPUTUYECKOM TOYKH, HO COOTBETCTBOBaTh €d, B OOIIEM cCiydyae, MOTYT pa3HbIe
cyTHHKOBBIE cucTeMbl. Perynsipaas CC, ucronp3yemas B pacueTax YpOBEHHBIX TOBEPXHOCTEH, MO
CYTH SIBJISIETCSL OTHOM M3 BO3MOXHBIX TakKuX cucTeM. C TOYKM 3pEHHsI MPAKTUKU 3TO HUCKOJIBKO HE
YXyALIAeT CUTYAIHIO, IOCKOJIbKY Hac HHTepecyeT itodas u3z CC ¢ IydinMu XapakTepuCTUKaAMHU.
Upe3BblYailHO MHTEPECHOM, Ha B3IJISI aBTOPA, OCOOCHHOCTHIO YPOBEHHOW IOBEPXHOCTH
NEPUOIMYHOCTH 0030pa 33JaHHOTO paiioHa CITYTHUKOBOW CHCTEMOH JIF0OOT0 YHMCIEHHOTO COCTaBa
SIBIISIETCS TIOBTOPSIEMOCTh €€ (DOpMBI B HANPABICHUW H3MEHEHHUS BBICOTHI OPOUT CIyTHUKOB C
MEPHOOM, COOTBETCTBYIOIIMM H3MCHEHHIO KpaTHOCTH K=m/n (kak AeHCTBUTEIHHOIO YHMCiIa) Ha
JIBE CIMHHIIBI: HAPUMED, M3MEHEHUIO KpaTHOCTU cyTouHOM (N=1) opoutsl ¢ 14/1=14 na 16/1=16

WIM KpPaTHOCTH JByXCyrouHoW (N=2) opOutel ¢ 27/2=13,5 na 31/2=15,5. ]leiicTBUTENbHO,

ny e [27 3%
NOCJIEAHUM yKa3aHHBIM JMana3oH M3MEHEHHs] KpaTHOCTU n 2"/ 2dgax pa3 wu
npencrariceH Ha puc. 17, 18. Ha 3Tux prcyHKax BHIHO, YTO IIPH COOTBETCTBYIOMIEH KOMITCHCAITUU
yBEJIMYEHUs JIMHEHHOro pasMepa wmupuHbl II mojocel 3a cdyeT m3MeHeHMs BbICOTBI H MOXKHO
o0ecrneynTh COBMAJCHHE CEYEHUH KaKI0W YpPOBEHHOHM IMOBEPXHOCTH Ha IPAaHUIAX YKa3aHHOTO
MHTEpBaja.

K npyrum mone3HbIM pe3yibTaTaM MBI MOXKEM HpPUNTH, €CIIM PacCMOTPUM YPOBEHHYIO
MOBEPXHOCTh B IPOCTPAHCTBE MapaMETPOB «IIEPHOAMYHOCTH 0030pa — IIMpHHA Mojioc 0030pa
CIYTHUKOB — HaKJOHEHHE OpOMT» Npu (PUKCHpPOBaHHOW BbICOTE (KpaTHOCTH) opOuTt. Takas
YpOBEHHasi MOBEPXHOCTh IEPHUOJUYHOCTH 0030pa moka3zaHa Ha puc. 6. JlaHHasg MOBEPXHOCThb
ABJIIETCS XOpOILIEH WIIIOCTpAllMel BBISIBICHHOM B paMKax MapLIpyTHOW TeopuH oOuei
3aKOHOMEPHOCTH JIOKAJIM3allM MHHHMYMOB HOTPEeOHBIX MOJOC 0030pa CIHYTHUKOB B IOJIE

YKa3aHHBIX [1apAMETPOB, COCTOSAIIEH B CIETYIOLIEM.

MHHHMYMBI IIAPHHBL "%

NI0JIOC HEYETHOTO |-KpaTHOTrO MOKPBITUS JTOCTUTAIOTCS TPU
HakyoHeHnn (31) anst HeyeTHOW pa3HOCTH M-N mapaMeTpoB M, N TEOCHHXPOHHOW OpOuTHL [Ipn
9ToM moJ |-KpaTHBIM TOKpPBITHEM 33JaHHOrO pailoHa B 3ajade MEPHOIUYECKOro 0030pa
MOHMMAETCS TaKOe IMOKPBITHE, KOI/Ia B TE€UEHHE Mepuojia MOBTOPSIEMOCTH Tpacc KakJaas TOYKa

Ha6J'IIOIlaeMOFO pa1710Ha He MeHee ueM | pas3 nomnagacT B 30HbI o630pa CIITYTHHKA (CHYTHI/IKOB).
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Puc. 19. YpoBeHHas HOBEPXHOCTH MEPUOIMYHOCTH 0030pa MIUPOTHOTO TOsICa (0, go),

@, =min(i,z - i) B IPOCTPAHCTBE MAPAMETPOB, BKIIFOUYAOIIEM HAKIIOHEHUE OPOUTHI CITyTHUKA
(m=29, n=2, N=1).

Vka3aHHbIe MHWHHUMYMBI IIMPUHBI ITOJIOCEI HEYETHOT'O I-KpaTHOFO IMMOKPBITUA XOPOIIO BUIHBI

Ha NpHBeJIeHHON Ha puc. 19 ypoBEeHHOH MOBEPXHOCTH Ul OJHOTO U3 HEYETHBIX 4ucesn M-n=29-2

41



[0.0:]. @ =minfi,z—-i}. 4

IIpu Ha6J'IIOI[eHI/II/I OJJMHOYHBIM CIIYTHUKOM IHNHPOTHOT'O II0sCa

JAHHOM CJly4ae MUHUMYMBbI HUMEIOTCA Ha “KyCKax YPOBEHHOH IOBEPXHOCTH, COOTBETCTBYIOILIUX

T~47,8;23,1;124

kparHocTsiM |1=1, 3, 5 1 ypoBHSIM NEPUOAMIHOCTH
OnHoBpemMeHHO u3 Toro e puc. 19 BumHo, 4TO “KycKH” TOAOOHON ypOBEHHOH

IMOBCPXHOCTH, HpHXO,Z[HH.[GfICH Ha YCTHBIC KPATHOCTHU | IMOKPBITUA, XAPAKTECPHU3YIOTCA H3ruooM

T.
HECKOJIBKO APYTroro HpO(i)I/IJISI — B HaIllpaBJICHUHU U3MCHCHHA IICPUOANIHOCTH I/IHTepeCHO TO, 4YTO

HOquaIOIHHfICﬂ B 3TOM CJIyda€ MHUHUMYM IO IMNECPHOAUYHOCTU HNPUXOAUTCA Ha TO XKE CaMOC

. c*
HakyioHenune ! =1 . Tak, Ha puc. 19 npu yetHbIX KpaTtHOCTSIX |1=2, 4, 6 HOCTUTAIOTCS MUHUMYMBI

360,128,112

4. MOXXHO TIOKa3aTh, YTO B Cly4ae, KOrjga KpaTHOCTh M/N reoCHHXPOHHOM
opOuTHI BhIOpaHa U3 apyroro yciosus: M-n=2K, k=1,2,..., yka3aHHblii U3ru0 UMEIOT BCE “KYCKH”
COOTBETCTBYIOIICH YPOBECHHOMN MOBEPXHOCTH.

PaccMmoTpeHHbIe BbINIE 3aKOHOMEPHOCTH MMEIOT BaXKHOE CaMOCTOSTEIIBHOE 3HAYCHHE IS
NPaKTUKKA OANTUCTUYECKOTO MPOEKTUPOBAHMS CIIyTHHKOBBIX cHcTeM. Ha WX OCHOBE MOTYT OBITh
CO3/1aHBl KOMIUIEKCHI aBTOMAaTH3MPOBAHHOTO MPOEKTUPOBaHUs opOurtansHoro noctpoenus CCIIO
10 33JIaHHBIM OTPAHUYEHUSIM, a TaKXKe pa3paboTaHbl crenuanbHble criocoosl nocrpoenus CCIIO,

ONTUMU3BHUPYIOIINUC TC UJIM NHBIC UX ITAPAMETPHI.

12.Conslusions
Elaboration of the route theory has shown that problems of continuous and periodic

coverage have strong qualitative difference (that is dictated by the necessity to take into account the
Earth rotation at the periodic coverage). Therefore, it is not suitable to look for optimum
alternatives of orbital disposition for these two problems within the framework of equal satellite
constellation classes. It is proved in [7, 8] that symmetrical systems satisfy necessary optimality
condition for the continuous coverage problem. This means that small variations in the position of
one satellite in the constellation cannot decrease the main feature of the constellation as a whole. At
the continuous coverage, as it is known, such feature is an angular value of the satellite coverage
area on the Earth surface. Likewise, taking into account that the said feature for the periodic
coverage system is the revisit time, it is demonstrated that the route systems satisfy the necessary
optimality condition for the periodic coverage problem.

Power of the route theory is not at all exhausted by revealing the above regular
constellations class being although a particular class of satellite systems. The main worth of the
theory is that it gives a general method for optimal design of constellation under given requirements
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using, for instance, optimum regular constellations as a good initial approach. This method allows

finding a global optimum for the above stated classical problem of periodic coverage. Practical

application of the said method would be impossible without some other theoretical results achieved

by the route theory — analytical solution for calculating problem of distribution of revisit time

values on the Earth surface for one satellite and multi-satellite route pattern, formulating and

proving of several regularities for revisit time as a function of satellite positions in route

constellations, etc.

10.

11.
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