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ABSTRACT

Future space missions such as virtual telescopes and interferometers require precision formation flying,
i.e., a highly precise control of the relative positions of spacecrafts. This paper discusses a strategy to
suppress the relative position variation during one orbit. It proposes a new approach to design a state
feedback impulsive controller. By estimating the disturbance from the result of the previous control
cycle and compensating for the estimated disturbance in a feed-forward manner, stable control can be
achieved under uncertainties of natural disturbances. An along-track formation control in a low earth
orbit is taken as an example, where the J; term and air drag are considered as representative natural

disturbances. Numerical simulations are performed to validate the proposed controller.

NOMENCLATURE

le :  gravity constant of the Earth
R, : equatorial radius of the Earth
J2 :  second-order zonal harmonic coefficient of the Earth’s gravitational potential (Jo = 1.0826 x 10~3)
position vector of spacecraft in an inertia frame
a : semimajor axis of orbit
e : eccentricity of orbit
1 : inclination of orbit
w argument of perigee of orbit
Q right ascension of orbit
v : true anomaly of spacecraft
6 : argument of latitude of spacecraft (# = w + v)
T spacecraft orbital period
I,, : m-dimensional unit matrix

O,, : m-dimensional zero matrix

Subscripts ¢ and d denote the variables of a chief spacecraft and deputy spacecraft, respectively.

1. INTRODUCTION

Space science missions such as space telescopes and interferometers require a long baseline or a long
focal length. Precision formation flying, in which mission components are distributed among multiple

spacecrafts and the relative positions and attitudes of spacecrafts are measured and controlled with high



precision, is a promising technique to satisfy this requirement[!], The achievement of precision formation
flying poses many technical challenges(?l. A formation flying demonstration mission in a low earth orbit
(LEO) has been proposed by several agencies as a precursor to an operational mission(3-[4]:5],

Many studies have been conducted for designing formation geometry or a relative orbit so that secular
drifts due to natural disturbances are minimized!®- 7L However, particularly in a LEO, the relative
position variation due to the Earth’s oblateness (Jy term) is not negligible when centimeter-scale or

subcentimeter-scale positional accuracy is required('?.

This paper discusses a strategy to suppress the
relative position variation during one orbit under two representative natural disturbances in a LEO—J;
disturbance and air drag. To suppress the relative position variation during one orbit, we require four
key elements: 1) a highly accurate sensor, 2) highly accurate actuator, 3) suitable initial position and
velocity setting, and 4) precise relative position control. This paper focuses on the fourth element using
impulsive control under the J, disturbance and air drag.

For the suppression of the relative position variation during one orbit, initial conditions and a continuous

control strategy using low thrust have been proposed by Yamadal!l.

In this paper, a discrete control
strategy using impulsive thrusters is proposed. A feedback control law using impulsive thrusters has
already been proposed by Yamada et al.l'?l. The method proposed in this study is an extension of the
previous control law. It estimates the disturbance caused in a spacecraft by evaluating the result of the
previous control cycle and compensates for the estimated disturbance in a feed-forward manner.

The rest of this paper is organized as follows. In section 2, the relative state transition in a Hill frame
under the Jo disturbance is discussed. The state transition matrix (STM) can be analytically obtained
by the sum of two terms—the Clohessy-Wiltshire (CW) solution and a perturbation term resulting from
the Jy disturbance. In section 3, a feedback control law using impulsive thrusters is proposed. In the
proposed control law, impulsive control force is calculated using a perturbed STM. The stability of the
closed-loop system is shown by analyzing the eigenvalues of the system. In section 4, numerical examples

of along-track formation flying in a LEO are presented. Section 5 concludes the paper.

2. STATE TRANSITION IN ALONG-TRACK FORMATION

A spacecraft that moves in a reference orbit is termed a chief spacecraft, and a spacecraft that makes
a formation flight with respect to the chief spacecraft is termed a deputy spacecraft. Local orthogonal
coordinates with the origin at the center of mass of the chief spacecraft are selected such that the z-axis
is aligned in the direction from the Earth’s center of mass to the chief spacecraft and the z-axis is aligned
with the normal (rotation vector) of the orbital plane of the chief spacecraft. This local coordinate frame
is termed the Hill frame.
We denote the position vector of the chief spacecraft in the inertial frame as r. and its second derivative
of time in the inertial coordinates as .. The equations of motion of the chief spacecraft become as follows:
Fo=—Loret fug M

c

where f,, is the natural disturbance force exerted on the chief spacecraft. As we consider the formation
flight in a LEO, the main natural disturbance forces are given by the Js disturbance due to the Earth’s

oblateness and by air drag.

Frna=Fs+Ffa (2)
where the acceleration due to the .Jo disturbance is expressed in the Hill frame as follows:
3sin®i.sin? 6, — 1
—sin? i, sin 20, (3)

— sin 2¢.sin 6,

3410 J2 R
2rd

fi



Acceleration due to air drag is given by
1 A
=——pC < .c .c 4
e @

The relative position and velocity of the deputy spacecraft with respect to the chief spacecraft are

expressed in the Hill frame as

r = Tqg—T¢ (5)

T = Tq—T. (6)
The state vector x, is composed of the relative position and velocity as follows:
T
Ty = { x &7 } (7)
The time evolution of the state vector x, is expressed using the STM as follows:
T4 (t) = (t)aa(0) (8)

where ®(¢) is the STM from time zero to time t.
Consider the case in which the chief orbit is near-circular. If we consider only the Jy disturbance as
the natural disturbance, the STM can be obtained by the sum of two terms—the CW solution and the

perturbation term resulting from the J; disturbance.

:I:(t) (I)m-(t) b, (t) :13(0)
Dy () Dyy(t) (0)

(I)rr . (I)TC,;W + q)J (I)rv = Q)S}W + (I);{v

rr

(I)UT = (I)vCrW + (PJ (I)UU = (I)vaW + (bi{v

vr?
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e Ne
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where n. is the orbital angular rate of the chief spacecraft. The nonzero components of the perturbation

matrix resulting from the .J, disturbance can be analytically obtained as follows[!!:

®7 (1,1) = 2e.0{5(1 — cosv.) — Bv.sinv.}

1
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1
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where the time variable is given by the true anomaly of the chief spacecraft and « is given by a =
J2(Re/aeo)?. This solution assumes that the initial position of the chief spacecraft at time zero is v, =
Veo = 0.

The following block matrices that compose the STM are defined.

ot) = | @r(t) d)v(t)}, cp,,(t):l

3. IMPULSIVE STATE FEEDBACK CONTROL
3.1 Control Logic

The state transition from time zero to time t is expressed as

To(t) = O(t)za(0)+ / B, (t - ) f(7) dr (10)

Consider that the relative position x is moved to the desired position 4.5 by impulsive control using the

control cycle T of the deputy spacecraft. Suppose that the estimate of the natural disturbance at time



(0
zero is given by f(D). If the impulsive force f(cg) ) is fired at time zero, the estimate of the state at the next

firing time T¢ is given by
(0) To ~(0)
z,(Tc) = @(Tc)x.(0)+®,(To)fe + / O,(Tc—7)dr | fp (11)
0

As the impulsive force f(cg) is calculated such that the relative position &(7¢) moves to the desired

position @45, the following relation holds.
. = 2(0)
Ldes = |: q)rr(TC) (I)TU(TC) :| ma(o) + (I)TU(TC)f(C(')) + (I)TU(TC)fD (12)

where
®,.,(Te) = / b, (Tec —7) dr
0

Therefore, the impulsive force f(co) can be obtained as follows.

(I)M(TC)‘%(O) — Ldes
4(0)

2(0)

&= el 10) 1y | = @, (To)r(Te) f (13)

The first term on the right-hand side of Eq. (13) is the feedback term and the second term is the feed-
forward term for disturbance compensation. From the block structure of the feedback gain matrix in
the control law (13), the gain matrix corresponding to the velocity errors becomes a unit matrix, which
implies that the velocity errors are directly compensated for by the impulsive forces.

The result of the impulsive control at time zero can be evaluated at the next control time T¢. The

control error that expresses the relative position deviation from the desired value can be defined as follows:
6x(Te) = 2(Tc) — Taes (14)

where x(T¢) obeys the following dynamics.

Tc
2(Te) = [ O, (Tc) ro(Te) ]ma(0)+@m(TC)fg” +/0 &, (Te — 1) (1) dr (15)

Then, by subtracting Eq. (12) from Eq. (15), the control error at the next control time T can be

evaluated as follows:

Tc
. ~(0)
2(10) = | 0r(Te) (o) | @al0) = 20D+ [ @0ulle - n)(F0) = ) dr (10
0
where the first term on the right-hand side represents the effect of the measurement error of the state
and the second term represents the effect of the estimation error of the disturbance. From the relation
in Eq. (16), the estimate of the disturbance at the next control time T¢ is updated as follows:
=(Tc)  4(0) =
fo" =Fp + B9 (Te)sa(To) (17)
where ( is the scalar gain for the estimation of the disturbance, and it satisfies 0 < 8 < 2.
We decompose the natural disturbance f(¢) into two terms—a constant term f.,,,, that does not

depend on time and a residual term f,._. that depends on time.

TEes

.f(t) = fconst + fres (t) (18)

Then, the estimation error of the disturbance f.,,.; obeys the following dynamics after Eq. (17) is

updated.
+(Tc) +(0)

fD - fconst = (1 _ﬂ)(fD _fconst)
Tc
O (1) ( [ e =Dt et [ 0n(Te) @nTe) | (@a00) - @(o») (19)



This relation shows that the estimation error of the disturbance f.,,.; decreases if the gain ( satisfies

the condition that 0 < 5 < 2.

3.2 Stability of Closed-loop System

Consider that the stability of the closed-loop system under the control law expressed by Egs. (13) and

(17). An error vector is composed of the deviation from the desired relative position, the relative velocity,

and the estimation error of the disturbance, as follows:

(Sill(t) m(t) — Ldes
2(t) = (t) - a(t)
(1) »(t)
.fD - fconst fD - .fconst

Then, the control error at time T¢ can be evaluated as follows:

Tc
(T)T’U(TC)(fconst - f(DO)) + A (I)T’U(TC - T)fres(T) dr

| @nlTe) @nlTe) | (@a(0) ~ 2a(0))
B(T0) = Bup(Te)z(0) + Buul(Te)®;H(To) [Taes — By (To)(0)]

Te I (0
+ / By (Te — 1) (1) dr — By (Te) 5 (Te) By (To) o

B, (Te) (@(0) — 2(0) + @y (Te) 1) (1) @rr (Te) (2(0) — 2(0))

5:1:(Tc)

By substituting the relation
x(0) = Tges + 6x(0)
into the right-hand side of Eq. (22) and using the relation

Taes — Prr(To)Tdes = O(J2)
(I)m*(TC)mdes ~ O(JQ)

T
of along-track formation (zg4es = [ 0 = 0 ] ), the following error equation can be derived.

z(Tc) = Az(0)+b
03 03 _(i)rv(TC)
A = ¢UT‘(TC)_(I)?)U(TC)¢:y1(TC)¢7’T(TC) 03 _CI)UU(TC)(I)_vl(TC)(i)TU(TC)
Os OF (1 =81
T
b= [ b bl ] ]

Tc
bp = (T)T’U(TC)(fconst - }(DO)) + A (I)T’U(TC - T)fres(T) dr

| @nlTe) @nlTe) | (@a(0) ~ 2a(0))
b, = (i)rv (Tc)fconst — Dy (TC)(I);vl (TC)(T)M (TC)}(DO)

Tc
+A (I)vv (TC - T)fres(T) dr

+@4,(Te) ;) (Te) By (Te) ((0) — #(0)) + @4y (Te) (&(0) — 2(0)) + O(J2)

by = B2, (Tc)

Tc
</0 q)r?)(TC - T).fres(T) dr + |: (I)T‘T(TC) q)r?)(TC) :| (SUa(O) - ﬁ}a(O))>

(23)

(24)
(25)



where the vector b is composed of the residual vector of feed-forward compensation, the measurement
error of the relative position, and the relative velocity. Therefore, the stability of the closed-loop system
can be determined by calculating the eigenvalues of the matrix A. If all the eigenvalues of the matrix A
exist in a unit circle, the closed-loop system becomes stable. From the block structure of matrix A, it is
found that the matrix has six zero eigenvalues and three (1 — 3) eigenvalues. Therefore, the closed-loop

system becomes stable by the impulsive control using the constant control cycle Te¢.

3.3 Effect of Thruster Error

The stability analysis in subsection 3.2 corresponds to the nominal case that the thruster error is not
considered. However, as large uncertainty exists in the thruster force, the range of the gain 8 in Eq. (17)
is limited. The effect of matrix A in the presence of the thruster error can be analyzed as follows.

Suppose that the thruster force is given by
0)x* 0
(c) =1+7) (c) (27)

where ~ represents the thruster error. In this situation, matrix A in the error equation is given by the

following matrix A*.

A" = A+AA (28)
(I)rr (TC) q)rv (TC) (I)rv (TC)
AA = - D,y (TC)(I);vl (TC)(I)N’(TC) Dy (TC) Dy (TC)(I);vl (TC)(i)rv (TC)
ﬂ(i)r_vl (TC)(I)N’(TC) ﬂ(i)r_vl (TC)(I)M (TC) B3

Therefore, all the eigenvalues of matrix A* that exist in a unit circle are required for the gain 3, which

depends on the uncertainty ~.

4. NUMERICAL EXAMPLES

Along-track formation control in a LEO is taken as an example. The parameters of the chief and

deputy spacecrafts in the numerical simulation are shown in Table 1.

Table 1 Mass properties of spacecrafts

Item Chief Deputy Unit
Mass 400 350 [kg]
Cross section | 5.0 5.0 [m?]

Initial orbital elements of the chief spacecraft at time zero are given by
aco = 6878 [km], eco =0, ico = 45 [deg], Qo =0 [deg], weo = 0 [deg], 80 = 0 [deg]

In the initial state, the deputy spacecraft is at rest at a position 30 m ahead of the chief spacecraft. The

relative position and velocity of the deputy spacecraft are expressed in the Hill frame as follows:
T T
z0)=[0 30 0] ml, @©0)=[0 0 0] [
The air density and coefficient of air drag are given by
p=>5x10"" [kg/m®], Cp =20

Figure 1 shows the relative position variation (z and y components in the Hill frame) under free orbital
motion during one orbit. Figure 1 (left) shows the case in which only the J; disturbance is considered as
the natural disturbance. Figure 1 (right) shows the case in which both the J» disturbance and air drag

are considered as natural disturbances. From this figure, the following observations are made:



e Periodic variation due to the Jy disturbance, whose peak-to-peak amplitudes are approximately 2
cm (z-direction) and 11 cm (y-direction), is observed from the curves on the left-hand side of Figure
1.

e A secular drift in both the z-direction and y-direction due to air drag is observed from the curves

on the right-hand side of Figure 1.

In the case of a telescope mission, for example, where centimeter-scale or subcentimeter-scale accuracy
is required in formation flying, the relative position variation during one orbit is not negligible and it is

necessary to suppress the variation by a control strategy.

N
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Fig. 1 Relative position variation in free orbital motion during one orbit

(Left: Jy disturbance is considered: right: Both J; and air drag are considered)
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Fig. 2 Comparison between results obtained with and without perturbed STM
(Left: Relative position error: right: Fuel consumption)
(Control cycle is Te = T/6 and gain is § = 0)
(Only the J; disturbance is considered)

Figure 2 shows the simulation result obtained by the proposed control law when only the J; disturbance
is considered. The left-hand side of the figure shows the relative position error and the right-hand side
of the figure shows the fuel consumption. The chain line shows the result of the impulsive control where
the nominal STM based on the CW solution is used. The solid line shows the result where the perturbed
STM resulting from the J> disturbance is used. The control cycle T is T = T'/6 where T' is an orbital

period. The following observations are made:



e When the nominal STM is used, the relative position variation is approximately 5 cm. On the
other hand, when the perturbed STM is used, the relative position variation is suppressed to within
approximately 1 cm. Furthermore, the periodic nature of the relative motion is conserved after
the control is achieved. This is natural because the Jy disturbance is periodic. It is considered
that natural control is achieved by the proposed controller. This is also confirmed from the result
that the fuel consumption is suppressed more in the perturbed controller than it is in the nominal

controller.

Now, we consider the selection of the gain (§ in the case that both the Jo disturbance and air drag are
considered. Figure 3 shows the stability range of the gain  versus the thruster error . The dashed line
shows the case for T = T'/4. The solid line shows the case for Tc = T//6. The chain line shows the case
for Tc = T/8. It is observed that the stability range of the gain  depends on the thruster error and

control cycle.

Gain B

-40 -20 0 20 40
Thruster error v [%]

Fig. 3 Stability range of gain 3 vs. thruster error ~y

We assume that the control cycle is Te = T'/6 and the gain is 5 = 0.5. Figure 4 shows the result in the
nominal case in which the thruster error is given by v = 0. The chain line shows the result for 5 = 0 where
the disturbance is not compensated for. The solid line shows the result for § = 0.5 where the disturbance
is compensated for in a feed-forward manner. The perturbed STM is used in both controllers. From this

figure, the following observations are made:

e If the gain [ is given by 3 = 0, the residual bias error due to air drag exists in both the z-direction
and the y-direction in the Hill frame. On the other hand, if the gain 3 is given by § = 0.5, no

residual bias error is present.

e If the feed-forward compensation is used, the fuel consumption in the z-direction is suppressed to a
large extent. If the feed-forward compensation is not used, the error in both the z-direction and the

y-direction is compensated for by the feedback control, as a result of which more fuel is consumed.

Figure 5 shows the result for v = —0.2. The trend of the relative motion is the same as that of the
relative motion shown in Figure 4: a stable behavior of the control is obtained by selecting a suitable

gain (.
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Fig. 4 Comparison between cases with and without feed-forward compensation (v = 0)
(Left: Relative position error: right: Fuel consumption)

(J2 and air drag are considered. Control cycle is Tc = T'/6)
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Fig. 5 Comparison between cases with and without feed-forward compensation (7 = —0.2)

(Left: Relative position error: right: Fuel consumption)

(J2 and air drag are considered. Control cycle is T = T'/6)

5. CONCLUSION

In this paper, we have discussed a strategy for suppressing the relative position variation during one
orbit in along-track formation flying in a LEO. We have proposed the feedback control strategy using
impulsive thrusters. By using a perturbed STM in which the effect of the Jo disturbance is considered,
periodic impulsive control in which the fuel consumption is suppressed is achieved. By estimating the
disturbance from the result of the previous control cycle and compensating for the estimated disturbance
in a feed-forward manner, stable control with no bias error can be achieved under the uncertainties of
natural disturbances such as air drag. The effectiveness of the proposed control strategy has been verified

by numerical examples of along-track formation control.
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